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Abstract

InagraphG = (V,E), aset S C V issaid to be to-
tal dominating if every v € V' is adjacent to some mem-
ber of S. When the graph represents a communication net-
work, a total dominating set corresponds to a collection of
servers having a certain desirable backup property, namely,
that every server is adjacent to some other server. Self-
stabilization, introduced by Dijkstra [1, 2], is the most in-
clusive approach to fault tolerance in distributed systems
[3, 4]. We propose a new self-stabilizing distributed algo-
rithm for finding a minimal total dominating set in an arbi-
trary graph. We also show how the basic ideas behind the
proposed protocol can be generalized to solve other related
problems.

1 Introduction

In adistributed system, each node has a set of local vari-
ables whose contents specify the local state of the node.
The state of the entire system, called its global state, isthe
union of the local states of al the nodes. Each node has
only a partial view of the global state, and this depends on
the connectivity of the system and the propagation delay of
different messages. Yet, the objective in a distributed sys-
temistoarriveat adesirable global final state, or legitimate
state. One goal of a distributed system is to function cor-
rectly, i.e., the global state should remain legitimate in the
presence of faults (transient). Often, malfunctions or per-
turbations bring the system to someillegitimate state, and it
is desirable that the system be automatically brought back
to alegitimate state. Self-stabilization, introduced by Dijk-
stra[1, 2], is the most inclusive approach to fault tolerance
in distributed systems [3, 4]; it brings the system back to a
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legitimate state, starting from any illegitimate state (caused
by any transient fault), without any intervention by an exter-
nal agent. In a self-stabilizing algorithm, each node main-
tains its local variables, and can make decisions based on
the knowledge of its neighbors’ states.

In a self-stabilizing algorithm, a node changes its local
state by making a move (a change of local state). The algo-
rithmis a set of rules of the form “if p(7) then M”, where
p(i) is a predicate and M is a move. A node i becomes
privileged if p(i) istrue. When a node becomes privileged,
it may execute the corresponding move. We assume a se-
riadl model in which no two nodes move simultaneously. A
central daemon selects, among all privileged nodes, the next
node to move. If two or more nodes are privileged, one can-
not predict which node will move next. Multiple protocols
exist [5, 6, 7] that provide such a scheduler. Our agorithms
can easily be combined with any of these protocols to work
under different schedulers as well.

A distributed system can be modeled with an undirected
graph G = (V, E), where V isaset of n nodesand E isa
set of m edges. If i € V, then N(4), its open neighborhood,
denotes the set of nodes to which i is adjacent, and N[i] =
N (i) U {i} denotes its closed neighborhood. Every node
j € N(i) is caled aneighbor of node i. Throughout this
paper we assume G is connected and n > 1.

Recdl that S C V isadominatingset [8, 9] if N (i)NS #
() for every i € V — S. In the Turing machine model,
the problem of finding a dominating set of minimum size
is NP-hard [10], but finding minimal dominating sets is
straightforward and can be done in linear-time. In the
self-stabilizing model, several linear-time and polynomial-
time algorithms for finding minimal dominating sets appear
in[11, 12]. A set S C V is atotal dominating set if
N@E) NS # () for every i € V. If adominating set in
a communication network represents a set of nodes neces-
sary to provide an acceptable level of service, then a to-
tal dominating set represents a similar set of servers with
the added capability that each server is adjacent to at least
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one other server. In this way, each server has a backup re-
source. Should its capability as a server be compromised, it
can obtain backup from another server with a minimum de-
lay. Thustotal dominating sets are more fault tolerant than
dominating sets. It has been shown [10] that the problem of
computing a total dominating set of minimum size is NP-
hard; no self-stabizing agorithm exists to compute either
the minimal total dominating sets or aminimal dominating
set of minimum cardinality.

In this paper we are interested in minimal total domi-
nating sets. We present a detreministic self-stabilizing al-
gorithm for finding such sets. It is to be noted that the
proposed algorithm uses distinct node IDs. We also show
how the proposed algorithm al so generalizesto other related
problems.

2 Sdf-Stabilizing Total Domination Algo-
rithm

Our algorithm requiresthat every node haveauniqueID.
We will sometimes use i interchangeably to denote a node,
and the node’'s ID. We assume there is a total ordering on
theIDs.

In our algorithm, each node hastwo variables: apointer
p() (which may be null) and abooeanflag x (). If p(i) = j
then we say that 7 pointsto j. At any given time, we will
denotewith D the current set of nodesi with z(i) = true.

Definition 1 For a node 7, we define m (i) as its neighbor
having the smallest ID.

Definition 2 We define the pointer expression ¢(7) as fol-
lows:

m(i) fNGEND=0

i fN(@)ND={j}

null if|N(@)ND|>2.

Note that the value ¢(i) can be computed by i (i.e, it
uses only local information).

Definition 3 We definethe boolean conditiony (i) to betrue
if and only if some neighbor of 7 pointsto it.

The algorithm consists of one rule shown in Figure 1.
Thus, anodei is privileged if z(i) # y(i) or p(i) # q(7). If
it executes, thenit setsz(i) = y (i) and p(i) = q(7).

Lemmal If Algorithm 1 stabilizes, then D is a minimal
total dominating set.

Proof: First, we claim that D is a total dominating set.
For suppose, by contradiction, that some node i is not to-
tally dominated (that is, has no neighbor in D). Then
N(i)n D = . Since the system is stable, p(i) = ¢(i) =

it (@(i) # y(0)) or (p(i) # q())
then set (i) = y(i) and p(i) = q(i)

Figure 1. Algorithm 1: Minimal Total Dominat-
ing Set()

m(i), and m(i) ¢ D. But thisimplies y(m(i)) = true
and z(m(i)) = false, and so node m (i) is privileged, a
contradiction. Thus D isatotal dominating set.

Next, we claim that D is minimal. For suppose thereis
some j € D for which D — {j} is atotal dominating set.
Sincej € D, or z(j) = true, thereissomevertexi € N (j)
for which p(i) = j. But since p(i) = ¢(7), node j must be
a unique neighbor of 4 with membership in D. Thus the
removal of j will leave 7 undominated. O

We say that node invitesnode j if, at sometime ¢, node
1 has no neighbor in D and then executes the rule, causing
p(i) = m(i) = j. For anodeto join D, it must either be
pointed to from an initial erroneous state or be invited.

We now show our algorithm stabilizes. Observe that if
D remains the same, then every node can execute at most
once (to correct its pointer). So it suffices to show that D
changes at most a finite number of times.

Definition 4 We say a move is an in-move if it causes (i)
to become true, thereby causing a nodei to enter D.

Lemma 2 Let i be a node and suppose that between time ¢
and ', there is no in-move by any node & > 7. Then during
this time interval node can make at most two in-moves.

Proof: The first in-move made by i may have been be-
cause a neighboring node happened to initially point to 4.
The second in-move made by ¢ must be by invitation. So
suppose i isinvited by node j. Then i is the smallest node
in j’sneighborhood, sincem(j) = 4, and at thetime of invi-
tation, all other nodesin j’s neighborhood are out of D. By
our assumption, their membership status does not change,
SO j remains pointing to ¢ throughout, and so 7 remainsin
D for the remaining duration of thetime interval. |

Theorem 1 Algorithm 1 always stabilizes, and findsa min-
imal total dominating set.

Proof: It suffices to show that every node makes only a
finite number of in-moves. By Lemma 2, node n, which
has largest 1D, makes at most two in-moves. During each
of the three time intervals, when node n is not making an
in-move, using Lemma 2 again, node n — 1 makes at most
two in-moves. It is easy to show this argument can be re-
peated, showing that each node can make only finitely many
in-moves during the intervals in which larger nodes are in-
active. m|



if (z(2) # y(i)) or (P(2) # Q(i))
then set z(i) = y(i) and P (i) = Qi)

Figure 2. Algorithm 2: Minimal Extended

Dominating Set()

3 Minimal Extended Domination

We now show how the basic ideas of the previous section
can be generalized to obtain algorithms for other domina-
tion problems. A dominating set is a set in which, for all
i!

NI D| > 1,

and atotal dominating set satisfies
IN(@)NnD| > 1.

Assume now that for each node i € V, the set N (i)
represents some fixed subset of its closed neighborhood
NTi]. Assume further that each node has a target integer
t(i) < |N(4)], indicating how many elements of N (i) are
required to dominate ;. Note that in the case of total dom-
ination N(7) is precisely N (i) and ¢() is uniformly one.
Given these assumptionswe seek aminimal set D in which,
for al i,

V(@) N D[ = t(i). (D

Now, for the algorithm, each node has a set of pointers,
denoted P (i), whose cardinality is bounded by #(i); we al-
low P (i) to contain 4. Each node also has a boolean flag
x(i). As before, z(i) should be true if and only if some
node pointsto ¢, and also as before, D will denote the set of
nodes with true flags at any point in time.

At agiventime, assume |D NN (i)| = k < t(i). Then
since (i) < |[N(i)], there are at least (i) — k membersin
N (i) — D. Let M; denote the unique set of those (i) —
k nodes in A'(i) — D having smallest ID’s. Note this set
dependson D.

We define a set of pointers (i) asfollows.

[ (DANG)UM: if IN()ND| = k < t(3)
QW _{ 0 if [N (i) N D| > £(1).

As before, we define the boolean condition y(7) to be
true if and only if some neighbor of 4 pointsto it. The al-
gorithm consists of one rule shown in Algorithm 2. Thus,
anodei isprivileged if z(i) # y(i) or P(i) # Q(i). If it
executes, then it sets z(i) = y(i) and P(i) = Q(3). Itis
easy to see that Algorithm 2 reduces to Algorithm 1 when
N (i) = N(i) and t(i) = 1 for al i.

Lemma 3 If Algorithm 2 stabilizesthen D isaminimal set
satisfying (1).

Proof: We claim that D satisfies (1). By contradiction sup-
pose that for some i, |D N N(i)| < t(i). Then M; # 0,
and so thereis someneighbor j € P(i), j ¢ D. Buty(j) is
true and z () isfase, a contradiction. We now claim D is
minimal aswell. For every node j € D, thereis some node
i that pointstoit. Since P(i) = Q(i), and since P(i) # 0,
we must have |V (i) N D| = k < t(i). Thus, the removal of
j from D will leave|D NN (3)| < t(i). O

Again, we use the terminology that node i invites node j
(with j = 4 allowed) if at sometime |[DNN(i)| = k < (i),
j € M;, i executesamove. For anodetojoin D, it must be
pointed to from an initia state or be invited.

Theorem 2 Algorithm 2 always stabilizes, and findsa min-
imal extended dominating set.

Proof: In light of Lemma 3 we need only show stabiliza-
tion. As before, observe that if D remains the same, then
every node can make at most one move (to correct its point-
ers). So it suffices to show that D changes at most a finite
number of times. In particular, it sufficesto show that if dur-
ing the time interval from ¢ to ¢/, z(k) remains unchanged
for al nodes k > i, then during this interval node ¢ can
make at most two in-moves. If i is never invited during this
interval, then oncei leaves D, it cannot rejoin. SO suppose
that during this interval 4 is invited by node j, allowing i
to make an in-move. Once i enters D it must remain there
if 7 continues pointing at it. And thisis ensured, provided
IDNN(j)| < t(j) throughout. Suppose at the time of invi-
tation, |[D NN (j)| = k. Nodes having ID’s larger than i do
not move during this period, but the smaller nodes can. At
thetime of invitation, 7 isamong the ¢(;j) — k smallest nodes
in NV (j) — D. Evenif all nodes smaller than i were to enter
D, we would till have |[D NN ()] < #(4). It follows that
4 will remain pointing to 4 throughout, and 7 will remainin
D. Hence, z(i) can make a most two in-moves during this
interval. O

4 Conclusion

We have propsed a self-stabilizing distributed algorithm
to maintain a minimal total domination set in a distributed
system graph; we have also shown how the ideas behind
the algorithm are powerful enough to design self stabilizing
agorithmfor more complicated minimal extended dominat-
ing setsin agraph. We briefly discuss how the ideas can be
further generalized.

In signed domination, we require that the members of D
beinthe mgjority of every closed neighborhood. An assign-
ment f : V — {—1, 1} isasigned dominating function if,
for every i € V, the sum of the valuesin NTi] is positive.



Equivaently, f is signed dominating if a strict majority of
the values in every closed neighborhood are positive. The
function f is minimal if the function f' obtained by reduc-
ing the value at any positive node, is never signed dominat-
ing. Itiseasy to see that minimal signed dominating func-
tions correspond to certain minimal extended dominating
sets. |In particular, f — {—1,1} isaminimal signed dom-
inating function if and only if theset D = {i|f(i) = 1}
is a minima extended dominating set in which for all 4,
N (i) = N[i] and (i) = [%J +1.

One may extend these ideas even further to weighted
domination. Here each node i has an allowable range of
values{0,1,...,b(i)} (inthe previoussection b(7) was uni-
formly 1) and isassigned aweight w(i). Each nodea so has
atarget ¢(:) forthesum >, ;) w(j). Wewant aminimal
assignment of values that sﬁis%y the constraints. A primi-
tive way to achieve this is to provide each node with b(7)
flags each with separate ID. It is more efficient though to
provide each node with a counter X (7) limited to the range
and an array of weights P(4) that counts how many times
the node points to each neighbor. We omit the details.

This extension handles other forms of graph domination
such as weak, strong and optional domination [8, 9]. It can
also be altered to alow a node to have weights in a range
{-=b/(3),-- -, b(¢) } and so handle minus domination.
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