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Abstract

Let G = (V, E) be a graph of order n > 2. The double vertex
graph, Us(G), is the graph whose vertex set consists of all (g) un-
ordered pairs from V such that two vertices {z,y} and {u,v} are
adjacent if and only if [{z,y}({u,v}| =1 and if z = u, then y and
v are adjacent in GG. A generalization is called a complete double
vertex graph, denoted by CUz(G), and is similar to Ua(G), except
that the vertex set is all ("'QH) unordered 2-multisets of elements of
V. We look at some properties of these two graph products and in-
vestigate the problem of reconstructing a graph from its (complete)
double vertex graph.

1 Introduction

There are many graph functions with which one can construct a new graph
from a given graph, such as the Cartesian product and the line graph. One
such graph function is called the double vertex graph. This was introduced
by Alavi et al. in [2], and studied in [1, 3] inter alia. For a survey, see [6].

Let G = (V, E) be a graph with order n > 2. The double vertex graph,
denoted by Uz(G), is the graph whose vertex set consists of all (1) unordered
pairs of V such that two vertices {x,y} and {u,v} are adjacent if and only
if {z,y}({u,v}| =1 and if = u, then y and v are adjacent in G. An
example of a double vertex graph is given in Figure 1.

We introduce a natural generalization of this concept called the complete
double vertex graph. This product was implicitly introduced by Chartrand
et al. in [7], and used in [8]. The complete double vertex graph of G, denoted
by CU2(G), is the graph whose vertex set consists of all (";1) unordered
pairs of elements of V' (duplicates allowed). That is, it contains all the
vertices of Us(G) and all 2-element multisets of the form {a,a}. Again two

vertices {x,y} and {u,v} are adjacent if and only if [{z,y} {u,v}| =1
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and if x = u, then y and v are adjacent in G. Figure 2 gives an example of
a complete double vertex graph.

In this paper we look at some properties of double vertex graph and
complete double vertex graph. We also investigate the problem of repro-
ducing the original graph from these two graph products.

2 Basics of Double Vertex Graphs

We review the basic properties of double vertex graphs which will help us
to study the problem of reconstructing G from Us(G).

Observation 2.1. [2] If G has n vertices and m edges, then the double
vertex graph of G has n(n — 1)/2 vertices and m(n — 2) edges.

Indeed for each edge of G there are n — 2 edges of U(G).
Observation 2.2. [2] The degree of the vertex {x,y} in Us(G) is:
(i) degg(x) +degg(y), if xy & E(G),
(ii) degq(z) + degq(y) — 2, otherwise.

Corollary 2.3. [2] If G is a connected graph, then Us(G) is regular if and
only if G is either a complete graph or K(1,3).

Theorem 2.4. [2, 6] a) Us(G) is a tree if and only if G = K5 or G = Ps.
b) Us(G) is a cycle if and only if G = K3 or G = K(1,3).



¢) If G is connected, Uy(G) is Eulerian if and only if the degree of all
vertices in G have the same parity.

d) Uy(K,,) is the line graph of K,

Theorem 2.5. [2] G is connected if and only if Uz(G) is connected. Indeed,
if G has k components each of order at least two, then Us(G) has k(k+1)/2
components.

Theorem 2.6. [6, 10] If G is a k-connected graph with k > 3, then Us(G)
is (2k — 2)-connected.

Since Uz(G) is a subgraph of the Cartesian product GOG, it follows
that:

Observation 2.7. If G is k-colorable, then Uy(G) is k-colorable.

Theorem 2.8. If G contains k triangles, then Us(G) contains k(n — 2)
triangles.

Proof. For any triangle abc in G, the vertices {a, b}, {b, ¢} and {a, c} form
a triangle in Us(G). Also for any d # a, b, ¢, the vertices {d,a}, {d,b} and
{d,c} form a triangle in Uz(G). Thus there are at least k(n — 2) triangles
in UQ(G)

On the other hand, consider any triangle 7" in Us(G). Say two of its
vertices are {a,b} and {b, c}. Then the third vertex is either {a,c} or {b,e}
for some e. It follows that 7" has one of the above forms. O

In particular, Us(G) has a triangle if and only if G has one.
For more results on double vertex graphs, see [1, 2, 3, 6].

3 Properties of CU,(G)

The complete double vertex graph of G, CUs(G), is similar to the double
vertex graph of G. We explore its properties next.

Observation 3.1. If G has n vertices and m edges, then CU3(G) has
n(n +1)/2 vertices and nm edges.

Again, if G is empty then so is CUs(G).

Observation 3.2. Let x and y be two vertices of a graph G. Then the
degree of the vertex {x,y} of the complete double vertex graph is

(i) deg(x), if x =y, and



(i) degq(z) + dege(y), otherwise.
Proof. The pair {z,z} in CU3(G) is adjacent to only the pairs {x,a} where
a is adjacent to z in G. The pair {z,y} with ¢ # y in CU3(G) is adjacent

to all the {x,a} where a is adjacent to y in G and to all the {y,b} where b
is adjacent to x in G. O

Corollary 3.3. If the graph CUy(G) is regular, then it is empty.

Proof. Assume CUs(G) is regular. Let = and y be distinct vertices in G.
Then the pairs {z, 2}, {y,y} and {z, y} all have the same degree in CU3(G).
This can occur only if degx = degy = 0. O

For example, CUz(G) is not a cycle.

Theorem 3.4. The graph Us(G) is an induced subgraph of CUs(G), and
CUs(G) is an induced subgraph of the Cartesian product GOG. The graph G
is an induced subgraph of CUs(G). Indeed, the edges of CU2(G) can be
partitioned into n sets such that each set induces a copy of G.

For example, if G contains a cycle of length r then CU;(G) contains a cycle
of length 7.
As a consequence we get:

Theorem 3.5. The chromatic number of CUx(QG) is the same as the chro-
matic number of G.

Proof. CU(G) contains a copy of G but is a subgraph of GOG. O
For example, CUs(G) is bipartite if and only if G is bipartite.
It is easy to see:

Theorem 3.6. G is connected if and only if the complete double vertex
graph of G is connected. Indeed, if G has k components, then CUs(G) has
k(k +1)/2 components.

Corollary 3.7. Let G be a connected graph. The graph CUs(G) is Eulerian
if and only if degq(v) is even Yv € V(G).

Theorem 3.8. [8] If G is k-connected, then so is CUx(G).

Theorem 3.9. The complete double vertex graph of G is a tree if and only
Zf G = K1 or Kz.

Proof. The graph CU,(Ps3) contains a cycle. Hence, if CU(G) is a tree
then G is K or Ks. These have complete double vertex graphs K7 and Ps,
respectively. O



4 Planarity

Alavi et al. determined when the double vertex graph of a connected graph
is planar.

Theorem 4.1. [1] Let G be a connected graph. The graph Us(QG) is planar
if and only if G is either a path or a connected subgraph of any of the siz

graphs shown in Figure 3.

Figure 3: Graphs whose double vertex graphs are planar

A similar result holds for complete double vertex graphs:

Theorem 4.2. Let G be a connected graph. The graph CUs(G) is planar
if and only if either G is a path or a connected subgraph of any of the five
graphs shown in Figure 4.

A sketch for the proof is given below.



Figure 4: Graphs whose complete double vertex graphs are planar

(=) If G is one of the five graphs in Figure 4 or a path then by con-
struction, CUsz(G) is planar.

(«<=) Now assume that CUy(G) is planar. We know that Uz(G) is an
induced subgraph of CUs(G) and hence Us(G) is planar. Thus by Theorem
4.1, G is a path or a subgraph of one of the six graphs shown in Figure
3. If G is a path, then we are done. If G is not a path, then one can
easily check that the maximal subgraphs of the graphs in Figure 3 whose
complete double vertex graphs are planar are listed in Figure 4.

5 Hamiltonian Properties

The following results about Hamiltonicity have been obtained.
Theorem 5.1. [4] Forn =4 orn > 6, Us(C,,) is not Hamiltonian.

A cycle with an odd chord is a graph obtained by adding the edge 1k
to C,,, where k is odd.



Theorem 5.2. [5, 6] Let G be a Hamiltonian graph of order n > 4. Then
Us(G) is Hamiltonian if and only if a Hamiltonian cycle of G has an odd
chord or if n = 5.

We believe similar results hold for the complete double vertex graph.
We provide a result for a specific chord in Theorem 5.4.

Theorem 5.3. Forn >4, CUx(C,,) is not Hamiltonian. In fact it is not
1-tough.

Proof. Let the vertices of C,, be labeled 1,2,...,n and let S = {{1,2},
{2,3}, ..., {n,1}}. Then the graph CU(C,) — S has at least n isolated
vertices, since the neighbors of the vertices {¢,i}, 1 < i < n, in CU(C,)
are contained in S. Thus CUy(C,,) has at least n+ 1 components, if n > 4.
Thus, CU2(C},) is not Hamiltonian for n > 4. O

Theorem 5.4. Let G be a cycle on n vertices. Let G' be obtained from G
by adding a chord between two vertices of G having distance two between

them. Then CUs(G") is Hamiltonian.

Proof. Case 1: n is odd.

The idea is that CU,(C,,) has a spanning 2-factor when n is odd, and
edges that correspond to the chord will serve as bridges between the factors.

Wlog, asssume the vertices of G are numbered 0 to n—1 and let the chord
added to get G’ be 02. Let H = CU,(C,,). For any vertex {i,j} in CU3(G),
the distance d(i, j) between ¢ and j in G is in the range 0 < d < (n —1)/2.
Construct a spanning 2-factor for H as follows:

For 0 <i< L”T’?’J, let S; be the graph induced by vertices of the form
{u,v} such that d(u,v) € {24,2i + 1}. Each S; is a cycle on 2n vertices,
and if n =3 mod 4, then S = {S; | 0 < i < [2:2]} form a spanning 2-
factor. If n # 4r+3 for some non-negative integer r, then let j = L”T_gj +1
and S; be the cycle induced by the n vertices of the form {u, v} such that
d(u,v) € {24,254+ 1}. Thus, when n # 4r + 3 for some non-negative integer
r, S US; forms a spanning 2-factor of H.

Now, let H' = CU,(G’). Adding the chord to G adds n edges to H;
call each a bridge-edge. In each cycle S; except for i > (n — 3)/4 there are
two consecutive vertices {0, —2i} and {0,—2¢ — 1} (arithmetic modulo n),
and two bridge-edges joining these to {2, —2i} and {2, —2i — 1}, which are
consecutive in cycle S;;+1. We use these bridge-edges to go between cycles
to form a Hamiltonian cycle of H'.

A Hamiltonian cycle obtained using this idea for C7; with the chord 02
is given in Figure 5.



Case 2: n is even.

Wlog, let G be a cycle of the form {0,n —1,1,2,...,n— 2} and G’ be
obtained by adding the chord 01. Consider C'= G’ — {n — 1}. Now C'is a
cycle on n — 1 vertices where n is even and hence as in Case 1 we can find
a spanning 2-factor S for CUs(C). Also the subgraph of CU>(G’) induced
by S = {{0,n —1},{1,n —1},... {n — 1,n — 1}} is a cycle on n vertices
and S U S’ is a spanning 2-factor for H' = CUy(G’).

For each S; € S, the consecutive vertices {0,2¢} and {0,2¢ + 1} are
adjacent to the consecutive vertices {2¢,n—1} and {2i+1, n—1} respectively
in S’. Hence we can form a Hamiltonian cycle in H' = CUy(G"). O

Figure 5: A Hamiltonian cycle in CUs(G) where G = C1;1 with the chord
02.



6 Reconstruction of G from CU,(G) and U (G)

One of the major challenges in the study of graph products is to reproduce
the original graph from the graph product. In this section we examine some
more properties of these graph products which help one to reconstruct some
classes of graphs from CUs(G) and Uz (G).

Note that reconstructing the graph G from the Cartesian product GOG
is solved. But the techniques do not seem to be applicable here. For more
details on reconstructing a graph from its Cartesian product see [9].

6.1 Reconstructing G from CUy(G)

We start with the complete double vertex graph case. We call the vertices
of the form {z,z} twin-pairs.

Theorem 6.1. Let G be a graph. Then xy € E(G) if and only if the
twin-pairs {x,x} and {y,y} have a common neighbor in CU3(G).

Proof. The only possible vertex that could be a common neighbor of the
pairs {z,z} and {y,y} in CU2(G) is the pair {z,y}. This is a common
neighbor if and only if zy € E(G). O

Corollary 6.2. If one can identify the twin-pairs of CUx(G), then one can
construct the line-graph of G. Hence one reconstruct the graph G.

Corollary 6.3. If G is either regular or the degree of every vertex in G is
odd, then one can reconstruct G from CUy(G).

Proof. 1f all vertices of G are of degree r then the degree of twin-pairs are
r and that of the non-twin-pairs are 2r. So one can identify the twin-pairs
and reconstruct G.

If the vertices of G are of odd degree, then the twin-pairs of CUs(G)
have odd degree, while any other vertex of CU3(G) has even degree. So
one can identify the twin-pairs and hence reconstruct G. O

6.2 Reconstructing G from Uy(G)

We next consider the double vertex graph case. We call {a,b} € V(Uz(Q))
a line-pair if and only if ab € E(G). Hence each vertex of a double vertex
graph is either a line-pair or a non-line-pair.

Theorem 6.4. Two line-pairs in Us(G) are adjacent if and only if the
corresponding edges lie in a triangle.



Proof. Assume line-pairs {a, b} and {a,c} are adjacent. By the definition
of double vertex graph, bc € E(G), and hence ab, ac, bc form a K.

If ab,ac are edges in a K3 in G, then by the definition of Uy(G), the
pairs {a, b} and {a, c} will be adjacent. O

Theorem 6.5. Two line-pairs in Us(G) have a common neighbor in Uz (G)
if and only if the corresponding edges are either adjacent in G or lie in a
4-cycle of G.

Proof. (<) If edges ab and be are adjacent, then {a, ¢} is a common neighbor
to {a,b} and {b,c} in Uy(G). If edges ab and cd lie in a 4-cycle of G, say
abeda, then {a,b} and {¢,d} have common neighbors {a, c} and {b, d}.
(=) Suppose two line-pairs {a, b} and {z,y} have a common neighbor in
Us(G). If the two line-pairs overlap, say a = x, then clearly the correspond-
ing edges are adjacent. If the line-pairs don’t overlap, then the common
neighbor has one element from {a, b} and one element from {z,y}. Say the
common neighbor is {a,z}. Then, abyza forms a 4-cycle in G. O

Corollary 6.6. Suppose G has no 4-cycle. If one can identify the line-
pairs in Us(G), then one can construct the line graph of G and hence one
can reconstruct G.

Note that the line graphs of K3 and K 3 are isomorphic. However, one
can distinguish Us(K3) from Us(K7 3) by the number of vertices.

Corollary 6.7. If G is reqular and has no 4-cycle, then one can reconstruct
G from Us(G).

Proof. The line-pairs of Us(G) have degree 2 less than the non-line-pairs,
by Observation 2.2. So one can recognize them, and hence by Corollary 6.6
one can reconstruct G. O

6.3 Reconstructing cubic graphs

The presence of 4-cycles in G seems to make the reconstruction a little
harder. To overcome this, we restrict our attention to 3-regular graphs.

Theorem 6.8. Let G be a cubic graph. The corresponding edges of two
line-pairs lie in an induced 4-cycle in G if and only if the line-pairs lie in
an induced Ko 4 in Uz(G) with the 4 line-pairs as one partite set and the 2
non-line-pairs as the other partite set.
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Proof. (=) By the definition of Uy(Cy).

(«=) Consider an induced H = K> 4 as in the hypothesis. Let a be any
vertex in a line-pair of H. Then a cannot occur in all 4 line-pairs, since G
is cubic.

Suppose a occurs in 3 line-pairs; say {a,b}, {a,c}, {a,d}. Then a must
occur in both the non-line-pairs of H; say {a,z} and {a,y}. Then the
fourth line-pair is {z,y}. But then x is adjacent to all of b, ¢, d and y in G,
which is a contradiction. It follows that a occurs in at most 2 line-pairs.
Let {a,b} be such a line-pair.

Consider a non-line-pair of H; say the pair {a,z}. Then z is in at most
two line-pairs, by the previous paragraph. It follows that vertices a and x
lie in exactly two line-pairs of H each, because all four line-pairs of H are
adjacent to {a,x}. Also, if the other non-line-pair contains a or x, then it
contains the other one too, a contradiction. So the two non-line-pairs do
not overlap. Wlog, say the other non-line pair is {b, y}.

Then the line-pairs are {a, b}, {a,y}, {b, 2} and {z,y}. These four line-
pairs induce a 4-cycle in GG. Hence the proof. O

So, in a cubic graph one can identify the line-pairs, and hence one can
identify the induced 4-cycles as well as the non-induced 4-cycles. The idea
is to construct the line graph, except that at this point in some cases one
can only identify the 4 vertices which form a cycle, without knowing the
order of the vertices .

Theorem 6.9. Let G be a cubic graph. Suppose two line-pairs lie in Ko 4
representing an induced Cy in G, but not in a second Ko 4. Then the two
line-pairs are adjacent if and only if they have a common line-pair at a
distance 2 which does not lie in the same Ko 4.

Proof. (=) Suppose ab and ac lie in an induced 4-cycle in G. Since G is
a cubic graph, there exists ad € E(G). In Uy(G), the line-pairs {a,b} and
{a, ¢} have {a,d} as a common neighbor at a distance 2.

(<) Suppose that two distinct line-pairs {a,b} and {x,y} have a line-
pair as a common neighbor at distance 2. If the elements of the common
neighbor are distinct from the line-pairs, say {c,d}, then there is a 4-cycle
in G containing either ab or xy, and cd. In any case, we get a contradiction,
as we assumed that the line-pairs {a,b} and {x,y} do not lie in a second
K 4. Also, the common distance-2 neighbor cannot overlap with both line-
pairs {a,b} and {z,y}, because if it does then it will be in the same K 4
as {a,b} and {z,y}. If the common distance-2 neighbor overlaps with one
line-pair, say {a,b}, then {a,b} will be part of a second K3 4.

11



Hence if we assume that {a,b} and {z,y} do not overlap, then we get a
contradiction and hence the proof. O

One can therefore determine the order of the edges in the case of 4-
cycles. If two 4 cycles overlap then one can identify the overlapping K> 4
and hence determine the overlapping edges.

Corollary 6.10. Given Us(G), one can reconstruct G if any of the follow-
ing 1S true.

(i) G is a cubic graph
(i) G is regular and contains no 4-cycles

(ii) G contains no 4-cycles and one can identify the line-pairs in Us(Q)

6.4 Reconstruction of trees
In [2], the authors made the following observation and stated Theorem 6.12.

Observation 6.11. [2] If a connected graph H whose order is at least three
is the double vertex graph of some graph G of order n, then G has a vertex of
degree one if and only if H contains n—2 independent edges whose removal
from H = Us(G) results in exactly two components, one of which is G — v
and the other, Us(G — v).

Theorem 6.12. [2] Let T and T be trees. Then Us(T) = Ua(T") if and
only if T =T'.

However, [2] does not provide full proofs for these results. As regards
to complete double vertex graphs, we are able to prove one direction of the
equivalent result.

Theorem 6.13. Let H = CU3(G) be connected. Then there exist (n —
1)0(G) edges whose deletion will result in a graph with more than one com-
ponent, one of which is isomorphic to G.

Proof. Let V(G) = {v1,va,...,v,}. Note that for any vertex v; of G, the
subgraph of H induced by S = {{v;,v1},{vi,v2},...{vi,v,}}, denoted by
H[S], is isomorphic to G and H — S is isomorphic to CU3(G — v).

Wlog, assume v = v; and let degg(v) = 0 = §(G). Let S = {{v,v;} |
1 < i <n}. The vertex {v,v;}, 2 <14 < n, is adjacent to exactly & vertices
not in S. Let M be the set of edges joining the vertices in S to the vertices
not in S. Clearly, |[M| = (n—1)¢ and H — M has more than one component,
one of which is the graph induced by S which is isomorphic to G. O

12



We are unable to show that one can reconstruct trees from their com-

plete double vertex graphs. However, we have verified by computer up to

ord

7

er 10 that different trees give different complete double vertex graphs.

Open Questions

(i) Is it possible to develop an algorithm to reproduce G from Uz (G) and

CU(Q) for all classes of graphs? Is it in fact true that if G and H
are different graphs then Us(G) and Us(H) are non-isomorphic? How
about CUy(G) and CUs(H)?

(ii) What can one say about the domination properties of Us(G) and

CU(G)?

(iii) Ome can naturally extend these concepts to the directed graph version.

What can one say about the properties of the directed version?
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