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[Consensus]

3 Problem: achieve consensus among
a group of ‘agentd’ or ‘clients’

by a rational process.

Model: a consensus function:

i input: information on the clients
output: the outcomes of the process
rationality: guaranteed by rules

(congensgus axioms) imposed on

the function.
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(Consensus Sunction ]
» V finite set with power set 2V
y (V,0) discrete structure,

2 =V, Va, e, Ve With Vi, V.. ,0 €V 18

a profile on (V,0) of length |it|-£&,

V* get of all profiles on (V,9).

g L:V*—> 2V-0 consensus function

consensus axioms intermsofa.
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2+ Consengud axioms:

(A) Anonymity: L(z)-L(5)

~ for every permutation of &, ;
(F) Faithfulness: L(v)={v§,
(V) Una.nimity: L(v,V, .- ,V) ={vi,

() Consistency: L(m)al($) #@ =+
' 5 L(x,g) =Lfe)aL(9),

(B) Betweenness: L(u,v) =TI (uv)
if structure o admits an

interval function I;. 4
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G=(V,E) connected graph,
T =V,V,, ...,V profile on G,
D(x,1t) = Z d(x,v;),

M{:rt):{ x | x minimizes D(x,m) |,

M:V¥ = 2V-® median function onG.

Lemma. M satisfies (A),(®),and ().
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Cons ()
M median function on connected graph.

Then M is consistent.

proof. Take profileg 7 ande.
Let xe M(mp)
- yeM@)n M(9).
Then -
D(x,7p) = D(x, ) + D(x,9)
3 D@y,;) + D(y.8) = D(y,®p)
- 2 D(x®e).
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» Problem. Characterize the
consensus functions L on graphs

that satisfy (A),(®),and (C)-

» Problem. Characterize the graphs
on which M isthe unique
congengus function gatisfying

(A),(®),and (C),

ie. L satisiies (A)(B),C) L=M.
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o G=(V,E) connected graph

I(u,v)= { x| x on shortest u ,v-path |

interval between u and v.

TN
U |

T(u,v,w) = I(u,v) a I(v,w) a I(W, u)
/\ y

w
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W (o) = fuxyvi,
I(u,v,w)={x,y} # 8,
M(u,v,w)={x,y] =I,v,w),
M@G) =1%,¥}-

v I(u,v) =§u,xvi,

I(U,V,W) = ¢,
M(u,v,w)= {v,wW§,
M@G):=V.



{S\\Ofg oy QQ\\QSE
, Assume L satisfies (A), (B),(C):

v el=1: L(v) ={v]=M(v) (), (C)

v el=2 ¢ Luv)=I(uv)=M@uy) ®)

oW

if T(uyv, ) ¢,th Ve >
it I(u,v,w) * en @

O-
w

b M(u,v,w) = I(uv)n I(v,w) n T(w,u)
= L(uyv) n L(vw) n L{w,u)
(B)
= L(uv,v,w,w,u)
()

= | (u,v,W,u,V,w) = L(uv,w)

[



(DcSinmon]
G=(V,E) graph,
T(u,v) = {x | x on shortest uy-path j,
Luvw) = () o Ivw) o I (wya).

o G i3 a median graph if

lICuvw)‘- VuvweV

x median of u,v,w.
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n Theorem. G median graph

iff G can be obtained from K,
by convex expansions.

|
G . ((u)' Gl - Gll U G;
GnG, convex
,G' O, ! |
[ : Gz
expangion ( Y} contraction
G e
Wl LT W,
1O O!
G' Go: Qo2 N Gz .
L G;u K2 4—'
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[Sevtl
» G median graph,
a uu, eclge of G,

aph of vertices
G SR PcloSer to u, than to q2,

tices
beraph of ver ' |
e 1Dcloser to u, than to u,:

uo O u,
G,

° G.,Gz Spllt Of uJ,

" .G, defines
Il any edge vV, with v, €G; de 1”
i the same gplit G,,G; I

"]
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o Split:

u, ' I u, !
e oV, !
G, R ) !

cloger to u, Go Go

.
contraction
N\ %

cloger tou,

)

Ve

Gy

convex

G,

convex

\D
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G median graph, G,,G, split,

r¢ profile on G,

¢, subprofile of ™ on G;, for i=12.

Theorem. If |7 |>Is,|, then M)cG,.

Corollary. If |x]is odd, then [M(x)|=1.
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\Consequences |

1 9 Elit

GI J GZ

I, >|®al = M) € G,.

7 M@)= N G .
GuGzSP]it
|5¢,| > (52l

) Tt Odd : M(JT): (lS\ M (TC-'X(:) .

(=1

| k
| s ! (§ an([m | LAINA] ¥ 5 SN
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, Theorem. G cube-free median graph.

Tf x|=2k, then there exists a permutation

= Y0sYa = 5 Vs Ya OF 3¢ such that

k
M@t) = (Q. ICY:L-HY:L)'

) Example:

, Corollary. G cube-free median.
If L: V*—» 2. ¢, the‘n .
L Sa,tlﬁfleS(A (B),(C) @ L M

4l
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, Proof. By induction on Ix|.

(M Lx,y) 2 T(x,y) = M(x,y).

G @ + L(x) =L(x)a L(x) (-g L(x,x) =
S—..) MCX,X) = M(X)

(i) |x|[>3

3 x odd: M) = QM(“‘Xa)gpL(ﬁ-x;)@

A ()
© L (;t-x,,T-X,, ...,W-Xk)gl.@t,lt,»--,ﬁ) = L(r).
L k-1 x —
(®)
b) m even: M(xt) = O Lly,.,,Yx) =

(A)
= ALCASATY C L0 Yy Yau) = L),

oaon

a3



. Example:
JC = W, X,}’, 2

M(r) = V

Lee)={w,x,y,z} ete. ,still (A),(®)Q).

» On all median graphs: we need an
extra axiom:

(K) n L(re-x)=¢ = L0Ot)= Con(UL(x-x;))

r

tc) for vwe E with (x| =|®,,|:

relm) e weltn).

A3
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» Open Problems:

2 Characterize all the graphs on which
M i3 uniquely determined by (#),8)C).

1 Characterize M on other clasges

'(wha.t extra axioms ?).

1 Characterize other congengug
functiony.

Q4
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«+ I collect postcards sent tome

by mathematicians.

.« 1 would be very ha.ppy to add

\ ¥

Jourt to my collection !

Thank You!
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