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Starting the Circle|Wrinkle 1

Late spring of 2006, Martin Gardner sent the following delightful
e�ect, adapted from a coin puzzle:

Here's a curious card e�ect I based on the �rst problem in Peter
Winkler's book Mathematical Puzzles (A.K. Peters, 2003). Eight
cards are dealt face up from a shu�ed deck to form a row. Players
take turns removing a card from either end of the row. The person
whose cards have the higher sum is the winner. To speed up the
game, face cards count as 10. You always go �rst. It seems like
a fair game, but you have total control, not only over who wins,
but who wins by a precise number of points! It's what carnies
used to call a \two-way" game, because you can always allow
your opponent to win. Moreover, you can always predict the
exact number of points by which a game is won! For example,
you can say, \I'll win this game by n points." Or \This time you
will win by n points," or \This game is sure to be a draw."



Martin Gardner's Total Winner

The technique is simple. As you deal the eight cards, sum the
cards in odd positions. Then sum the values in even positions.
Assume the evens are higher. You �rst take the card at the even
end. Both ends are now odd. This forces your opponent to take
an odd card. You can then take an even. If the odd cards have
the higher sum, you start by taking an odd card, forcing her to
take an even. Then you take another odd, and so on: : :

With only 8 cards, the games go fast until the deck is exhausted.
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Martin Gardner's Total Winner

The technique is simple. As you deal the eight cards, sum the
cards in odd positions. Then sum the values in even positions.
Assume the evens are higher. You �rst take the card at the even
end. Both ends are now odd. This forces your opponent to take
an odd card. You can then take an even. If the odd cards have
the higher sum, you start by taking an odd card, forcing her to
take an even. Then you take another odd, and so on: : :

With only 8 cards, the games go fast until the deck is exhausted.

\Yet another puzzler yields to a trivial parity argument!"

This can be adapted to work withcirclesof (eight) cards.



Martin Gardner's Total Winner

Provided you go �rst, and you start by taking the �rst card in the
row, you can ensure that you end up with all the cards in the odd
positions, whereas if you start by taking the last card in therow,
you can ensure that you get the cards in the even positions.

Note that after your initial selection, you invariably takethe card
next to the one your opponent just took; this observation saves
you trying to keep track of odd/even positions as the row shrinks.
(However, don't make it too obvious: feel free to take your time
and appear to give the cards at each end due consideration, before
deciding which one to remove!)

Point out that on three occasions, your opponent gets to decide
between the card on the left and the card on the right. Say, \Asa
result, you essentially determined one of 23 = 8 possible outcomes
for your cards. Yet I predicted the �nal result."
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Other Winning Ways

Without loss of generality 8 = 10: let's play this game with ten
randomly chosen cards, face-down (which is not the same thing
as ten randomly chosen face-down cards!).

Hand the deck out for shu�ing and ask for any ten cards. Pick
them up and glance at their faces brie
y. Drop them face down on
the table, two or three at a time, commenting that you will give
the spectator lots of free choices for the selection of �ve ofthese.

Now, lay out the cards face down in a row, and proceed as before.

You both end up with �ve cards, but this time you control who has
the winning poker hand.

Poker hand?!
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The Birthday Card Match Principle

How many cards, picked randomly from a standard deck of 52,
are required so that there is a greater than 50% chance of
getting at least one pair with the same value?

Let's call this desirable phenomenon a birthday card match|
that's \birthday" card match and not \birthday card" match.

This problem can be tackled using a common approach to the
classic Birthday Problem, which concerns the number of people
required to ensure a greater than 50% chance of having at least
one birthday match.

The surprisingly small answer there is often given as 23 people
(although, in reality a smaller number works, as pointed out
recently by Diaconis and Holmes).
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The Birthday Card Match Principle

The key to estimating such probabilities is to turn things around,
and focus on the chances of there being no match, noting that

Prob(at least one match) = 1 - Prob(no match).

If k cards are picked at random, then since there are four cards of
each value, it's clear that for 2< k < 14 we get:

1 - (52/52)(48/51)(44/50) : : : (52-4k+4)/(52-k+1).

It turns out that we need to pick at least 6 cards to be at least
50% sure of a birthday card match.

Given 8 or 9 cards, there is a high probability (89% or 95%) of a
match, and with 10 cards, it's very likely (98%) to occur.
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Better Poker Hands with Martin Gardner

Putting it all together:

When you glance at the faces of the cards you are given,assuming
that there is at least one matching pair, drop clumps of cards so
that there are two interwoven poker hands, one occupying theodd
positions, and the other the even positions.

Let's assume that the odds contain the matching pair, or whatever
good cards you are given. Lay out the cards face-down, being
careful to silently note which end of the row includes a card from
the winning hand.

As long as you start by selecting that card, and from there on
always pick the card next to the one which your opponent chooses,
you are certain to end up with the victorious hand. Don't haveany
cards turned over until the end.



Fibonacci Bracelets

The standard Fibonacci sequence starts with seeds 1, 1, and then
adds two consecutive terms to determine subsequent terms:

1 1 2 3 5 8 13 21 34 55 89 144 ...

Starting with arbitrary seeds yields what are sometimes known as
Gibonacci (for generalized Fibonacci) sequences, e.g., see Art
Benjamin and Jennifer Quinn's delightful award-winning MAA
book Proofs That Really Count: The Art of Combinatorial Proof.

The Gibonacci sequence starting 2, 1 is also known as the Lucas
numbers:

2 1 3 4 7 11 18 29 47 76 123 199 ...

Starting with 5, 3 instead, we obtain:

5 3 8 11 19 30 49 79 128 207 335 542 ...



The AAG Principle (Gibonacci mod 9)

In 1962, the incredibly proli�c Canadian magic inventor Stewart
James published \The AAG Principle," in which a volunteer �lled
in numbers in a grid with a pen.

It was based on his discovery (dating back to at least 1958) of
the periodicity of generalized Fibonacci sequences reduced mod 9.
He considered the closely related concept of reducing each term to
its digital root (also known as casting out nines).

For instance, to reduce 786 to its digital root we add its digits
7 + 8 + 6 = 21, and then add those digits to get 2 + 1 = 3,
which is of course the remainder when 786 is divided by 9.

Reducing 81 yields 9, which is not processed any further.
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In general, the possible digital roots of a numbern are 1, 2, ..., 8,
9, i.e., the least positive residue of n mod 9 (these mostly agree
with the remainder ofn upon division by 9, i.e., 1, 2, 3, ..., 8, 0).

We refer to generalized Fibonacci sequences reduced to digital
roots as \Gibonacci sequences mod 9" (using 9 in place of 0).
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In general, the possible digital roots of a numbern are 1, 2, ..., 8,
9, i.e., the least positive residue of n mod 9 (these mostly agree
with the remainder ofn upon division by 9, i.e., 1, 2, 3, ..., 8, 0).

We refer to generalized Fibonacci sequences reduced to digital
roots as \Gibonacci sequences mod 9" (using 9 in place of 0).

Reducing the above three Gibonacci sequences mod 9, with a few
extra terms listed this time, we get:

1 1 2 3 5 8 4 3 7 1 8 9 8 8 7 6 ...

2 1 3 4 7 2 9 2 2 4 6 1 7 8 6 5 ...

5 3 8 2 1 3 4 7 2 9 2 2 4 6 1 7 ...
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give a hint of one key property discussed below.
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Sixteen terms have been listed in each case, which is su�cient to
give a hint of one key property discussed below.

First we need to focus on an even more basic fact. Let's extendthe
ordinary Fibonacci sequence mod 9 to show twenty-seven terms:

1 1 2 3 5 8 4 3 7 1 8 9 8 8 7 6 4 1 5 6 2 8 1 9 1 1 2 ...

The cat is out of the bag:

The Fibonacci sequence mod 9 repeats itself after
twenty-four terms.

This key property holds for all Gibonacci sequences mod 9.
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We can thus consider the sequence to loop back on itself, yielding
a Gibonacci bracelet of twenty-four beads.

Note that all bracelets considered here are oriented: if displaying
these in a circle we must �rst agree on the direction of travel.

But wait, there's more! If we line up the last twelve beads of the
above bracelet underneath the �rst twelve|with the thirteenth
bead going under the �rst one and so on|we obtain:

1 1 2 3 5 8 4 3 7 1 8 9

8 8 7 6 4 1 5 6 2 8 1 9



The AAG Principle (Gibonacci mod 9)

The beads pair up according to "complements in 9"{with
9s pairing up with other 9s.

Thus, each bead can be predicted from the one that came twelve
before it; in a sense, the second half of the bracelet is the additive
inverse of the �rst half.
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The AAG Principle (Gibonacci mod 9)

The beads pair up according to "complements in 9"{with
9s pairing up with other 9s.

Thus, each bead can be predicted from the one that came twelve
before it; in a sense, the second half of the bracelet is the additive
inverse of the �rst half.

This property holds for all Gibonacci sequences mod 9, e.g.,the
seventeenth term in the Lucas sequence mod 9 above must be 2,
since the �fth term is 7. The twenty-second term in the sequence
starting with 5, 3, must be 9, because the tenth term is 9.

If we imagine the beads of these Gibonacci bracelets arranged in a
circle, then these arebalancedin the sense that the sum of two
diametrically opposite beads is always 0 mod 9.
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The AAG Principle (Gibonacci mod 9)

It's almost true to say that the period of any Gibonacci sequence
mod 9 is 24, but there are some exceptions which we avoid in what
follows:

If there are adjacent beads (e.g., the seeds!) which are both
multiples of 3, namely 3, 6 or 9, then the sequence is less
interesting and has a smaller period (which must divide 24).Such
sequences give rise to shorter orbits/bracelets.

Leaving aside such dull exceptional cases, there is one morefact
which holds for all Gibonacci sequences mod 9: they contain
exactly one balanced pair of 9s per orbit.

The remaining beads form eleven \complementary in 9" pairs.
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Thus, if we sum any consecutive twenty-four values, we must get
as our total 9x11 + 9 + 9 = 117, hence the name Stewart James
attached to this phenomenon, the AAG principle (A and G being
the �rst and seventh letters of the alphabet, respectively).
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Thus, if we sum any consecutive twenty-four values, we must get
as our total 9x11 + 9 + 9 = 117, hence the name Stewart James
attached to this phenomenon, the AAG principle (A and G being
the �rst and seventh letters of the alphabet, respectively).

Chapter 14 of the mammoth 1750-pageThe James File{Volume
One (Hermetic Press, 2000) has some delightfully diverse
applications of all of the above, including two 1978 Martin Gardner
prediction tricks based on the principle. The exceptional cases are
also treated there, yielding total sums of either 135 (=ACE), or in
the case of all 9s, 216 (=BAF).

Card trick applications are considered in the June 2007Card Colm
at MAA Online.
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Gibonacci modm

We are free to reduce Gibonacci sequences mod any natural
numberm; it turns out that they are always periodic.

For the Fibonacci sequence, the periods modm are given by:

m 2 3 4 5 6 7 8 9 10 11
period 3 8 6 20 24 16 12 24 60 10

As Marc Renault (now at Shippenburg) remarked in his Wake
Forest masters thesis, modm there arem2 possible pairs of
residues, and so in the Fibonacci (and likewise in any Gibonacci)
sequence, the pigeonhole principle guarantees that some pair of
consecutive terms must repeat. Since any pair of consecutive terms
completely determines the entire sequence, periodicity isassured.
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Gibonacci modm

For Gibonacci sequences the period modm may be less than the
corresponding Fibonacci period.

For instance, mod 5, the Fibonacci sequence itself has period 20,
but the Lucas sequence has period 4 (more on this below).

In what follows, we only consider odd modulim.

When m = 3 there is a unique (non-trivial) balanced Gibonacci
bracelet with eight beads and sum 15, got by looping the last bead
of 1 1 2 3 2 2 1 3 back to the beginning.

Note that Fibonacci and Lucas agree here!
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It turns out that m = 5 is a more than a little odd.

Here, there are two possible non-trivial bracelets with di�erent
sums for twenty consecutive beads, namely the Fibonacci one

1 1 2 3 5 3 3 1 4 5 4 4 3 2 5 2 2 4 1 5

which has sum 60, and the Lucas one consisting of �ve copies
of 2 1 3 4 lined-up, namely,

2 1 3 4 2 1 3 4 2 1 3 4 2 1 3 4 2 1 3 4

which has sum 50.
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It turns out that m = 5 is a more than a little odd.

Here, there are two possible non-trivial bracelets with di�erent
sums for twenty consecutive beads, namely the Fibonacci one

1 1 2 3 5 3 3 1 4 5 4 4 3 2 5 2 2 4 1 5

which has sum 60, and the Lucas one consisting of �ve copies
of 2 1 3 4 lined-up, namely,

2 1 3 4 2 1 3 4 2 1 3 4 2 1 3 4 2 1 3 4

which has sum 50.

Both bracelets are balanced.
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Gibonacci mod 11

The casem = 11 seems attractive, because of the potentially small
period (10), but there are a few surprises in store here too.

Some Gibonacci sequences mod 11 have period 5 (e.g., the one
with seeds 1, 4), which is not necessarily a problem....

However, the non-trivial ones with period 10 can have sums 44, 55
or 66.

Alas, none of these (regardless of period) is balanced!
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The FC Principle (Gibonacci mod 7)
All Gibonacci sequences mod 7 repeat after sixteen terms, and the
corresponding bracelets are balanced: the sum of two beads eight
apart is 0 mod 7.

Excluding the trivial all 7s case, there are always exactly two
(diametrically opposite) 7s, and so the sum of all sixteen beads is
7 � 7 + 7 + 7 = 63 = FC.

There are 7� 6 = 42 starting pairs, but when the sixteen resulting
beads are looped back to the start each time, only three distinct
Gibonacci bracelets (mod 7) emerge, namely those given by:

1 1 2 3 5 1 6 7 6 6 5 4 2 6 1 7

1 4 5 2 7 2 2 4 6 3 2 5 7 5 5 3

1 3 4 7 4 4 1 5 6 4 3 7 3 3 6 2
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from two seed numbers, using addition mod 7. You can predict the
sum (63) in advance.
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Gibonacci mod 7

One possibility is to have a volunteer construct a four by four grid
from two seed numbers, using addition mod 7. You can predict the
sum (63) in advance.

Since the total never varies, this is best not repeated.

An idea that takes advantage of the balanced property is to note
that half of sixteen, plus one, is nine: the ninth number in a three
by three grid will be 9 minus the value of the �rst number.

For the sake of variety, the array can be constructed by going
around the perimeter from some starting place, with the last
number placed in the center.



Circling the Square

Consider the circle below, which consists of eight numbers:

1
6 8

7 3

2 4
9

Note that the numbers above, wrapped in an in�nite circular loop,
form the beads of a balanced bracelet: each digit is matched across
the center by its complement in 10 (so 9 matches with 1, etc.).



Circling the Square

If we take any three consecutive numbers starting and �nishing
with evens, e.g., 8, 3, 4, or 6, 1, 8, those numbers sum to 15.

The reason is simple: the circle above forms the perimeter ofthe
standard 3 by 3 magic square (which also has 5 in the middle).
The evens form the corners of that square, so the suggested sums
are the magic square's top, bottom and two side sums.

The other constant sums of interest in the usual magic square
(forming the cross and the diagonals) correspond to the central
option, namely, supplementing the circle with a central 5 and
summing each even number with both the 5 and the (even)
number directly across from it, e.g., 4 plus 5 plus 6.



Circling the Square

1
6 8

7 5 3

2 4
9

Tightening up the above by reining in the odd numbers to they are
closer to the center: we obtain the standard magic square.

There are four other perimeter sums of three consecutive numbers
above, starting and �nishing with odds, namely 12, 16, 18 and14.
You may wish to draw attention to a couple of these totals in
performance, to play up the random sums that can result.



Circling the Square

Regardless, here's a simple way to force 15 every time:

First arrange a circle of cards (face up or face down, your choice)
as above, with an Ace in place of 1. Ask a spectator to select any
card and use its value (peeking at the card face if the circle is face
down) to count in either direction to another card.

Regardless of whether an even or odd card is �rst selected, aneven
card results.

Furthermore, the counting does not even have to be done in one
�xed direction: the original selected value merely determines the
number of \one-card moves" to be carried out.

Finally have the even value arrived at added to its two neighbours
on one side (not on each side). We refer to this asend summing.
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Another way to get the correct total is to allow for \one last
move" (in either direction) to get to the �nal card, and then do
central summing: namely, add that number to its two immediate
neighbours, one on each side.

The central option can be worked in as appropriate here too.

Suitably directed, this can all take place while your back isturned
so that you seem to have zero information.
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Circling the Square

Another way to get the correct total is to allow for \one last
move" (in either direction) to get to the �nal card, and then do
central summing: namely, add that number to its two immediate
neighbours, one on each side.

The central option can be worked in as appropriate here too.

Suitably directed, this can all take place while your back isturned
so that you seem to have zero information.

Can we modify the sequence to give di�erent triple sums?

Yes!



New Bracelets From Old

We could just add 1 to each number to get 2, 9, 4, 5, 10, 3, 8, 7,
with sums 18 when adding three consecutive numbers startingand
ending with even positions (but odd values this time).

Here there is a parity switch: the odds now occupy the even
positions, and vice versa. The odd card arrived at after the �rst
count must be summed with its two immediate (even) neighbours,
i.e., we do central summing.

Similarly, by adding 2, 3 or 4 to each number, we can get triple
sums of 21, 24 or 27, using the J, Q and K to represent the
numbers 11, 12 and 13, and using central summing as appropriate.

We can also get a triple sum of 12 if we subtract 1 from each
value of the original sequence to get: 0, 7, 2, 3, 8, A, 6, 5, where
we use a valueless Joker to represent 0.



New Bracelets From Old

There are also other parity switching possibilities which all require
central summing.

E.g., we can add 1 to the evens and add 3 to the odds, getting 4,
9, 6, 5, 12, 3, 10, 7, with triple sums 20.

Or we can add 3 to the evens and add 1 to the odds, getting 2, 11,
4, 7, 10, 5, 8, 9, with triple sums 22.

Alternatively, we can subtract 1 from the evens and add 3 to the
odds, getting 4, 7, 6, 3, 12, 1, 10, 5, with triple sums 16.

Or we can add 3 to the evens and subtract 1 from the odds,
getting 0, 11, 2, 7, 8, 5, 6, 9, with triple sums 20. (In this last case
you'll need to use a Joker and a Jack.)
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We can even add 5 to the evens and subtract 1 from the odds,
getting 0, 13, 2, 9, 8, 7, 6, 11, with triple sums 24.

And of course, we can also subtract 1 from the evens and add 1
to the odds, getting 2, 7, 4, 3, 10, 1, 8, 5, with triple sums 14,

Or we can add 1 to the evens and subtract 1 from the odds,
getting 0, 9, 2, 5, 8, 3, 6, 7, with triple sums 16.
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everything is set up to force landing on an even.
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Above we have been careful to keep evens and odds separate, and
also to avoid the use of duplicate numbers.



New Bracelets From Old

We can even add 5 to the evens and subtract 1 from the odds,
getting 0, 13, 2, 9, 8, 7, 6, 11, with triple sums 24.

And of course, we can also subtract 1 from the evens and add 1
to the odds, getting 2, 7, 4, 3, 10, 1, 8, 5, with triple sums 14,

Or we can add 1 to the evens and subtract 1 from the odds,
getting 0, 9, 2, 5, 8, 3, 6, 7, with triple sums 16.

Note that the forced sum is oddi� we use end summing, since
everything is set up to force landing on an even.

Above we have been careful to keep evens and odds separate, and
also to avoid the use of duplicate numbers.

Furthermore, we've steered clear of negative numbers.
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Overcoming Negative Connotations

We can relax these restrictions with interesting results.

Cards are particularly conducive to accomodating repeatedvalues,
within reason.

We can also dispel the negative connotations associated with
negative numbers in magic squares and circles by associating
negative values with red cards.

Rather than adding all of the card values as we did earlier, we
add credits for black card values and subtract debits for redcard
values, to get predictable overall balances.
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four by four or �ve by �ve magic squares.

In this way, we obtain magic bracelets with twelve or sixteen
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Changing the Circumference (More or Less)

Another direction to explore is to start with the perimetersof
four by four or �ve by �ve magic squares.

In this way, we obtain magic bracelets with twelve or sixteen
beads respectively!

Instead, let's aim for something a little less ostentatious:

Consider this loop, with central sums 16:

0 9 2 5 8 3 6 7

Reverse it to get:

7 6 3 8 5 2 9 0

The ending 2 9 0 can be replaced with a simple 4 to yield:

7 6 3 8 5 4
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Sixy Bracelet I

4 7

5 6

8 3

This is remarkable for several reasons:

I It's 3, 4, 5, 6, 7, 8, laid out in a nice geometric pattern

I Triple sums centered on even numbers are always 16

I Triple sums centered on odd numbers are always 17

I It's 3, 4, 5, 6, 7, 8 in alphabetical order!
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Sixy Bracelet I{Take 2

Take 2 from each bead in
7 6 3 8 5 4

to get

5 4 1 6 3 2

and hence the magic bracelet:

1 6

4 3

5 2

(or spin the previous bracelet and take 2 from each bead: : : )



Sixy Bracelet II

1 6

4 3

5 2



Sixy Bracelet II

1 6

4 3

5 2

is itself remarkable for several reasons:



Sixy Bracelet II

1 6

4 3

5 2

is itself remarkable for several reasons:

I It's 1, 2, 3, 4, 5, 6, laid out in a nice geometric pattern



Sixy Bracelet II

1 6

4 3

5 2

is itself remarkable for several reasons:

I It's 1, 2, 3, 4, 5, 6, laid out in a nice geometric pattern

I Triple sums centered on even numbers are always 10



Sixy Bracelet II

1 6

4 3

5 2

is itself remarkable for several reasons:

I It's 1, 2, 3, 4, 5, 6, laid out in a nice geometric pattern

I Triple sums centered on even numbers are always 10

I Triple sums centered on odd numbers are always 11



Sixy Bracelet II

1 6

4 3

5 2

is itself remarkable for several reasons:

I It's 1, 2, 3, 4, 5, 6, laid out in a nice geometric pattern

I Triple sums centered on even numbers are always 10

I Triple sums centered on odd numbers are always 11

I Amazingly, it's 1, 2, 3, 4, 5, 6 in alphabetical order!
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Sixy Bracelet II{Count It Out

This bracelet has yet another magic property:

Hold a packet of face-down cards in one hand, in order
5, 4, 1, 6, 3, 2 from the top.

I Move one card from top to bottom for each letter in the
words \count it"|thus bringing the 4 to the top.

I Move one card from top to bottom and set the next card
aside (it's the Ace)

I Move two cards from top to bottom and set the next card
aside (it's the 2)

I Move three cards from top to bottom and set the next card
aside (it's the 3)

I Keep going until only the 6 remains.
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The Persistence of Six

It's easy to show that any magic bracelet which alternately forces
triple sums ofn or n + 1 must have length 6 (or be repeats of such
bracelets, e.g., with 12 or 18 beads).

Upon re
ection (or rotation, or both), they must be of the form:

a; b; n � a � b; a + 1 ; b � 1; n + 1 � a � b

Actually, this could be two beads repeated, e.g., in the caseof the
smallest positive example, which is [1 2 1 2 1 2] (withn = 4).

To get an example with distinct positive beads the smallest
possible value forn is 10, since 1 + 2 + 3 + 4 + 5 + 6 = 21.

The alternating triple sums of any such bracelet are 10 and 11.
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Mantric Six

The [5 4 1 6 3 2] solution seen earlier is essentially unique.

If we drop the distinctness restriction, then there are �ve other
bracelets with triple sums 10 and 11, such as [5 4 2 4 5 1].

There are seventeen possible bracelets whenn = 16, of which
seven|like the [5 4 7 6 3 8] seen earlier|have distinct beads.

Mantric Six: The perfect [1 4 5 2 3 6] may be obtained by
starting with 1, and three times repeating the modular mantra

\First add 3, and then add 1."
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Does \Quad" denote Two or Four?

Let's move on to consider bracelets where instead of triple sums
alternatingn; n + 1, consecutive quadruple sums cycle through the
valuesn � 1; n; n + 1.

Note that there is no loss of generality in assuming that
n � 1; n; n + 1 cycle in that order!

An example would be the hours on the crazy clock below, for
which n = 26.



Crazy Clock I

12
5 1

8 7

2 7

10 11

6 0
9
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The Persistence of Twelve

The three valuesn � 1; n; n + 1 may repeat, in the same �xed
order, in any of 3! = 6 possible ways.

Above, it's 26, 25, 27 if we read clockwise, starting with the1, 7,
7, 11, then moving on to 7, 7, 11, 0, etc.

Totals of 25, 26, 27 in that order may be obtained by reading
anti-clockwise instead, starting with 7, 1, 12, 5 for instance.

By rotating and/or re
ecting as necessary, the three totalsmay be
obtained in any desired order.
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It's not hard to show that magic bracelets which force consecutive
quadruple sumsn � 1; n; n + 1 are basically of length 12.

Again, upon re
ection (or rotation, or both), they are of theform:

a b c n� 1 � a � b � c a+ 1 b + 1 c � 2
n � a � b � c 2 + a b � 1 c � 1 n + 1 � a � b � c:

An all positive example, also withn = 26, is obtained by
connecting the end beads of:

[1 7 8 9 3 6 7 11 2 5 9 10].

In both of the examples above, all beads are non-negative, no
beads exceed 12, and 7 is repeated.
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Crazy Clock II

Some questions arise:

I Do non-negative bracelets without repeats exist?

I Are there any non-negative bracelets using 1, 2,: : : , 12?

Consider the second question. If such bracelets exist, thenthe
total of its beads is 1 + 2 +: : : + 12 = 12� 13

2 = 78, and it can
be checked that this total also equals (n � 1) + n + ( n + 1),
so that n must be 26, as in the earlier examples.

Such a bracelet amounts to a very special rearrangement
(permutation) of the twelve hours on a traditional clock.

Here is one possibility:
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8 9
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A Magic Timepiece In
uenced By Martin Gardner
(Celebrating His 93rd Birthday Incidentally!)

I This clock can be obtained by starting with 1, and four times
repeating the modular mantra

\First add 4, next add 4 again, and then add 1."

I It's hard to remember [1 5 9 10 11 2 6 7 11 3 4 8 12]in order.
A catchy mnemonic would really help.

I 21 October is Martin Gardner's birthday. Of course 212 = 441
and 122 = 144. Also, 441� 114 = 297 | a BIG result.

I An appropriateCard Colmwill be published on that day; MG
must not see or hear anything about this before then.

I There are six distinct ways to arrange 1, 2,: : : , 12 as desired;
another is [1 5 12 7 2 6 10 8 3 4 11 9].
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Crazy Clockm(m + 1)

We can generalize to bracelets where consecutive quintuplesums
cycle through the valuesn � 1; n; n + 1 ; n + 2: these have 20 beads.

There are plenty of ways to arrange 1, 2,: : : , 20 in a circle so
that the sum of any �ve consecutive beads is 51, 52, 53 or 54.

One such is: [1 6 11 16 17 2 7 12 13 18 3 8 9 14 19 4 5 10 15 20].

This can be obtained by starting with 1, and �ve times repeating
the modular mantra

\First add 5, next add 5 twice more, and then add 1."
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Cards numbered 1 to 8 are jumbled, and a spectator is given a lot
of free choices to determine which cards she gets and which ones
you get.

The spectator is asked to look at the faces of the four cards she
ends up with, and square the resulting numbers.

The black squares are then summed, as are the red squares, and
the red sum is subtracted from the black one.

In this way, a random number is obtained.

Yeah, right! (note the double positive).
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Mind-Bender Prediction

Have that page of Peter Winkler'sMathematical Mind-Benders
opened. Ask how many black cards the spectator had (another
random number). Have that (third!) paragraph read out. It's

A Truly Even Split: Can you partition the integers
from 1 to 16 so that: : : ?"

Winkler highlights the cases = 4 of an interesting fact about
the integers from 1 to 2s for any s, but we to stick to s = 3.

There are two key ideas here: a magic partition of 1 to 8 that
respects linear and quadratic polynomials, and a way to force
this partition despite the appearance of extensive card mixing
and lots of free choices.

First we show how to determine who gets what cards. Then we
discuss the desirable partition property.
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Bill Simon's Sixty-Four Principle

In 1964, Bill Simon's bookMathematical Magicincluded an e�ect
called \The Four Queens" which was based on his wonderful
observation that it is possible to give the illusion of multiple free
choices to a spectator, while deciding how to split up a packet of 8
cards into two piles of 4.

In fact, you retain control of the division in one key sense: the top
4 cards all end up in the �rst pile.

You can even have the spectator handle the cards throughout,
after you appear to have shu�ed them.

Hence, if you start with 4 red cards of top of 4 black ones, the
piles maintain that colour separation, with the reds in the �rst pile.
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Bill Simon's Sixty-Four Principle

We now describe how Simon's separation scheme works in practice:
an e�ective way to follow along is to work with a face-up packet of
4 reds followed by 4 blacks.

The spectator is given the choice of putting the top card on the
table to start Pile A, or tucking the top card underneath the rest of
the packet. The second card then goes wherever the �rst one did
not (under the packet if the �rst one went to the table, and vice
versa).

Overall, one of the �rst 2 cards starts Pile A, and the other goes to
the bottom of the packet.

Give the spectator the exact same free choice for the second pair
of cards.



Bill Simon's Sixty-Four Principle

Unsuspected by most is the fact that Pile A now contains 2 red
cards, and the retained packet consists of 4 blacks followedby 2
reds.



Bill Simon's Sixty-Four Principle

Unsuspected by most is the fact that Pile A now contains 2 red
cards, and the retained packet consists of 4 blacks followedby 2
reds.

Next, the spectator is asked to make similar choices to determine 2
cards for Pile B. Of course, the result is that 2 blacks start that
pile and the retained packet consists of 2 reds followed by 2 blacks.



Bill Simon's Sixty-Four Principle

Unsuspected by most is the fact that Pile A now contains 2 red
cards, and the retained packet consists of 4 blacks followedby 2
reds.

Next, the spectator is asked to make similar choices to determine 2
cards for Pile B. Of course, the result is that 2 blacks start that
pile and the retained packet consists of 2 reds followed by 2 blacks.

(Note that at this stage we have a scaled down version of the
original packet.)



Bill Simon's Sixty-Four Principle

Unsuspected by most is the fact that Pile A now contains 2 red
cards, and the retained packet consists of 4 blacks followedby 2
reds.

Next, the spectator is asked to make similar choices to determine 2
cards for Pile B. Of course, the result is that 2 blacks start that
pile and the retained packet consists of 2 reds followed by 2 blacks.

(Note that at this stage we have a scaled down version of the
original packet.)

Now, the spectator uses the same procedure to pick just 1 cardfor
Pile A, and �nally 1 for Pile B, unwittingly maintaining the colour
separation.
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Pause to recap what has happened, claiming \Six times, I gaveyou
completely independent free choices. That's two to the power of
six, or sixty-four, di�erent things that could have happened so far."

The last 2 cards are a red followed by a black, and you must have
the �rst added to Pile A, and the second to Pile B.

This can be done either by casually asking the spectator to deal
them that way, or you can come up with some magicians force to
achieve the same result (Simon suggested a speci�c one).

Of course, this can also be applied to packets of size 16 (or 32), if
suitable modi�cations are made.
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Partitioning f 1, 2, 3, 4, 5, 6, 7, 8g into f 1, 4, 6, 7g
versusf 2, 3, 5, 8g is doubly magic: not only is

1 + 4 + 6 + 7 = 2 + 3 + 5 + 8

but also

12 + 4 2 + 6 2 + 7 2 = 2 2 + 3 2 + 5 2 + 8 2

.

Or to put it another way,

1 + 4 + 6 + 7 = 2 + 3 + 5 + 8

and
12 + 4 2 + 6 2 + 7 2 = 22 + 32 + 52 + 82

.
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Murthukrishan/Tarjan

This permits prediction or forcing tricks involving (18 and) 102.

We can shift corresponding terms of both equations around, while
maintaining four on each side, with the red terms serving to
remind us of their origins. This gives greater 
exibility inthe
numbers being predicted or forced.

In fact, any four of the eight terms can reside on one side of each
equation, leading to1

2( 8!
4!4! ) = 35 possible balancing acts, such as:

1 � 8 + 6 + 7 = 2 + 3 + 5 � 4

and
12 � 82 + 6 2 + 7 2 = 22 + 32 + 52 � 42

.

This allows us to force (6 and) 22.
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