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The Global Attractivity of the Rational Difference Equation y,, = 1 +

Yn—k
Yn—

m

by Kenneth S. Berenhaut, John D. Foley, and Stevo Stevi¢

To appear in Proceedings of the American Mathematical Society




This paper studies the behavior of positive solutions of the recursive

equation
gn =14+ 222 —0.1,...,
Yn—m

with y_s,y_s11,...,y_1 € (0,00) and k,m € {1,2,3,4,...}, where

s = max{k, m}.




v’ Amleh, A. M.; Grove, E. A.; Ladas, G.; Georgiou, D. A. On the recursive
sequence Tpi1 =&+ Tp_1/xy. J. Math. Anal. Appl. 233 (1999), no. 2,
790-798. (57 citations of Web of Science)

“In this paper the authors study the global stability, the boundedness, and
the periodic nature of the positive solutions of the difference equation (1)
Tpi1 =&+ Ty_1/T,, where a € (0,00), and where the initial conditions
x_1 and x( are arbitrary positive real numbers. The authors show that a
necessary and sufficient condition that every positive solution of (1) be
bounded is o > 1. Moreover, they show that if o = 1 then every positive
solution of (1) converges to a two-cycle, while if « > 1, thenZ =a + 1 is a

29

globally asymptotically stable equilibrium of equation (1)



v’ Patula, W. T.; Voulov, H. D. On the oscillation and periodic character of

a third order rational difference equation. Proc. Amer. Math. Soc. 131
(2003), no. 3, 905-909

“We prove that every positive solution of the difference equation

xn:::l+_$n—2

,n=0,1,...,
Ln—3

converges to a period two solution.”



k=2, m=3

Figure 1: y, = 14+ yn—2/Yn—3-
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Figure 3:

Yn

1 + Figure 4:

Yn

1 + Figure 5:

Yn

1 +

Yn—8/UYn—5, 1 < n < yp_g/yYn—s, 100 < n < y,_g/yn—5, 200 < n <

100.

200.
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k even theorem

v'Grove, E. A.; Ladas, G. Periodicities in nonlinear difference equations.
Advances in Discrete Mathematics and Applications, 4. Chapman &
Hall/CRC, Boca Raton, FL, 2005. xiv+379 pp. ISBN: 0-8493-3156-0

Theorem 1 (Grove and Ladas) Suppose that gcd(m, k) =1 with k > 2
even and m > 1 odd. Then every positive solution of (1) converges to a

non-negative solution of (1) with period 2.
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1 + Figure 8:
yn—g/yn—5-

Yn
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Figure 9: y, =1+ yn—S/yn—éla 4 <n < 30.
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k odd theorem
>

Theorem 2 Suppose that ged(m, k) = 1 and that {y;} satisfies (1) with
Y_syY—si1s---5Y—1 € (0,00) where s = max{m,k}. Then, if , the

sequence {y; } converges to the unique equilibrium 2.

16



The Proof for £ Odd

1 Preliminaries and Notation

Since the case k = m is trivial, we will assume, throughout, that k % m.

e Consider the transformed sequence {y;} defined by

Yi = 1 : ’
3 — ——, otherwise
Yi

for 2 > 0.

17



Distance in the transformed space

e Define the sequence {4;} via ; = |2 — y}| for ¢ > 0, so that

z [2=yi otherwise
yi—1 7

18



Lemma 1 We have

for all n > s.

Contraction Lemma

Op < maX{5n—k7 5n—m}7

19



Proof.
* Suppose that max{d,_x, 0p_m} < oy,
If y,, > 2

* yn—k < yn

® Yn—m = 2 8IVes Yp_m > ;=7 +1
® Yp_m < 2givesy, —2>2—y,_,, = yn_}n—l —1
and hence y,,_,, > ynl_l 4 1.
Hence,
yp =1+ 2k cqqp I
Yn—m 1 T 1

20



Similarly, if y,, < 2, we have

® Yn—k > Yn
® Un_m < ynl_l + 1.
Hence,
o =142k s Iy

In either case, we have a contradiction, and the lemma follows.

21



Now, set
D, = max {J;}, (7)

n—s<i<n—1

for n > s.

The following lemma is a simple consequence of Lemma 1.

X

Lemma 2 The sequence {D;} is monotonically non-increasing in i, for
1> S.

Since D; > 0 for ¢ > s, Lemma 2 implies that, as ¢ tends to infinity, the
sequence {D;} converges to some limit, say D, where D > 0.

22



2 Convergence of solutions

Proof of Theorem 2. Suffices to show that {y} converges to 2.
e By the definition, the values of D; are taken on by entries in {J,},
e By Lemma 1, y € [2—D;,2+D;]| for i > s.
* Suppose D > 0.

e Then, for any € € (0, D), we can find an N such that
oyy € 12—D —€,2—D + €] or yy € [2+D —€,2+D + €] and
oyl €[2—D —¢€,24+D +¢, for i > N —mk — s.

23



Ifyy €24+ D —¢€2+D + €
* Suppose that y3 € 2+ D —€,2+ D + €.

e Note that for e sufficiently small, the hypotheses above guarantee that
yn_k > 2 and yny_.,, < 2, where at least one of the inequalities is strict:

o * Suppose that yy_r > 2 and yy_,, > 2. Then

N 24+ D D 3

*

yN—m
< 24D —c¢ (8)

for e sufficiently small, since D > 0. (Contradiction)

24



o * Suppose yy_r < 2 and yy_.,, < 2. Then

1—|—3_1* 9 9
yv = 1+ T <1+ =1+ ;
1+ 3=YN_m 1+ 3—(2—D—¢) 1+ 1+ D+e
D?+D— (3 2
= 24D —¢€— +2+D(+€+6)<2—|-D—6
€

(9)

for e sufficiently small, since D > 0. (Contradiction)

25



yn—k = 2 and yy_,,, < 2

* Thus, assume that and

Solving for y5_, and yy_,, In

we have

and

_ Yn _
N:yN_1+yNk:1+ N/f

26
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(11)

(12)



e Employing the inequalities y7 € 2 — D —¢€,2+ D + €] and
ynv €2+ D —¢€,24+ D + €|, gives

1
2+ D+e>yn_p > (1+D_€><1+3—(2—D—e)>
2+ D + € 3+ D +e€
(1+ 6)(1+D+e) " 6(1—|—D—|—6)
3+ D
> 24D —€e| —— 13
S E(1+D> (13)
and
. 1
2—D—-e<yn_, < 3—%+D+€_1
+D—e¢
1+D —ce¢ 3+ 2D
ST Ty +€<1+ae>

< 2—D+€(3+2D). (14)

27



Thus

o
-

+ 3+ D

24+ D STV NSt soap_[2TY 15
+ +€(1+ )‘yN‘k— + 6(1+D) (15)

>

and
2—D—-—€eB+2D)<yn_,, <2—D+¢€(3+2D)

28



If yt, €[2— D —€,2— D + €]

* Similarly when yy € [2—D —¢,2— D + ¢, yv—r < 2 and yny—_m > 2,

we have

3
2+ D — | > i > 24+ D — — 16

and

2—D—€eB+2D)<yn_ir < 2—D+¢€B+2D). (17)

29



— 3+D
Let B =3+2D > {-5.

the above arguments gives

24+ D+ eB >
2+ D+ eB? >

and,

2— D —eB<
24+ D—eB?<

IA

2+ (—1)*D — eB*

24+ D+ eB™ >

Then, when yy € 2+ D —¢€,2+ D + ¢, iterating

>24+D —€B
> 92+ D — ¢B?

*
YN _—k

*k
YN —2k

Un—mp =2+ D —eB™ (18)

<2—-D+e€B
<2+ D + eB?

*
yN—'m

*
yN—Qm

Ui <24 (=)D 4+ eB¥.  (19)

30



hmmm...

X Since k is odd, (18) and (19) give that

Y <2—D+eB¥ (20)

and

Thus, for sufficiently small ¢, we obtain a contradiction to the hypothesis
that D > 0. A similar argument works when y3 € [2—D —¢€,2 — D + €],
and the result is proven. H

31



3 The periodic character of Equation (1)

Note that if ¢ = gcd(m, k) > 1 then {y;} can be separated into g different

equations of the form
(7)

. Y, &
yﬁbj) =14 —2 (22)
)
yn—m

g

where j € {1,2,...,¢g}. Hence, we may assume that ged(m, k) = 1.

Theorem 3 Suppose that gcd(m, k) = 1 with k > 2 even and m > 1 odd.
Then every positive solution of (1) converges to a non-negative solution of
(1) with period 2.

Proof. See Grove and Ladas (2005), Theorem 5.3. u
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The next theorem follows upon application of Theorems 2 and 3.

Theorem 4 Suppose that 2'||k (i.e. 2' is the largest power of 2 which

divides m) and 2’ ||m. Then, every solution of (1) converges to a period t

solution, where t is given by

1, if 7>
- frzt (23)
2ged(m, k), otherwise

33



Remark 2. Note that the argument used to prove Theorem 2 can be
modified to show that in the case that gcd(m, k) = 1 with k even, the

period two solution for {y*} is in fact of the form
..,2—D,2+D,2—-D,2+D,..., (24)

where D is defined as in Section 2.
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4 A variation on the theme: different

constants and powers

The Global Attractivity of the Rational Difference Equation
p
Yp = A + (yn—k )

yn—m

by Kenneth S. Berenhaut, John D. Foley, and Stevo Stevi¢

in press for Proceedings of the American Mathematical Society

35



This paper studies the behavior of positive solutions of the recursive

equation
Yn—k P

Yn—m

with y_s,y_s11,--.,9y_1 € (0,00) and k,m € {1,2,3,4,...}, where
s = max{k, m}.

(The previous paper handled the case A =1, p=1.)

36
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A well known conjecture

Conjecture 1 If A < /2 — 1, then all positive solutions to the equation

Yn—3
Yn—1

yn::-A'+

(26)

converge to the unique equilibrium A + 1.

41



If0<A<land O0<p<(A+1)/2

X

Theorem 5 Suppose that m,k > 1, and that p, A are positive numbers
satisfying 0 < A <1 and 0 < p < (A +1)/2. If the sequence {y;} satisfies
(25) with Yy—s,Y—s41,---,Y—1 € (0,00) where s = max{m, k}, then, {y;}
converges to the unique equilibrium A + 1.

42



Transformation

Set z, =y, — A, for n > —s. Then, equation (25) becomes

A+ 2z, 1 \’
A+ 2z, m

for n > 0.
Now, define {z;} by

—, otherwise

43

(27)

(28)



Important Elementary Inequality

X

Lemma 3 [fx>1 and 0 < A <1, then

A+1

(AA:Ja;) <o (29)

with equality if and only if x = 1.

44



Proof.

e The inequality in (29) is equivalent to

de f A+x
ga(x) = (A+1)In (Aerl) (1-—A)lnz <0 (30)
o lim, ., ga(x)=—00 and ga(1) =0.

Az —1)°(1—A)

940) = Ay DA De " (31)

when = # 1, since A € (0, 1).

Hence, ga(x) is decreasing, and thus is negative on the interval (1,00). N

45



Contraction

X
Lemma 4 Suppose {z;} satisfies (27) with p < (A+1)/2 and A € (0,1].
Then,

1< 2 < max{z g 7m), (32)
for all n > s.
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Proof.
If z2,,_ 1. > 2z,
* Suppose that z,_r > zn—m
o Set x =max{z’ .,z .}
o If z,,_1 > 1then 1 < z,_; < x and consequently
1/x < zp_p <, (33)
o If 2, <1, then 1/2,_ = z¥ , <z from which (33) also holds.
e Similarly, we have that

1/x < zpe < . (34)

47



Then, for n > s, we have that

A+1 A+1

. A+ 2z, 1 \? A+ 2,k 2 A+x\ 2
“n “n (A+Zn—m) N (A_I'Zn—m) B <A+l) =0

where the final inequality in (35) follows from the inequality lemma.

If Zn—k < Zn—m

* Similarly, suppose z,—r < Zn—m. Lhen
1 [(A+ A4 /A =R
P E—— Fnom ) “n—m < T < 7.
" Zn A + Zn—k - A + Zn—k —\A + % -

n (36)

48



Non-increasing bounds

Now, set
D, = max {z'}, (37)

n—s<i<n—1

for n > s.

The following result is a simple consequence of Lemma 4 and (37).

X

Lemma 5 The sequence {D;} is monotonically non-increasing in i, for
1> 8.

Since D; > 1 for 1 > s, Lemma 5 implies that, as ¢ tends to infinity, the

sequence {D,} converges to some limit, say D, where D > 1.

49



5 Convergence of solutions

Showing 2z — 1 (D = 1)
Proof of Theorem 5.
X Suffices to show that the transformed sequence {z;} converges to 1.

e For any € > 0, we can find an N such that
o zx € [D, D + €,
oz e€|l,D+¢|],fori >N —s.

e Similar to before,

1
D +¢€

< ZN—msZN—k < D + €. (38)

50



* We will show that D = 1.
* Suppose D > 1,

e Note that 23 € [D, D + €|, implies that zy # 1.
If z,, > 1
* First, consider the case zny > 1.
e Then, zy = 2% € [D,D + €.

e Solving for z,_ in the definition, and employing the bounds, gives

D+e > zN_k:z]l\,/p(A+zN_m)—A
1
> plr( A — A
— ( +D+e>
> DALH(A+ ! )—A.

o1

(39)



e This implies that

<A+D;|_E>ZDA11. (40)

52



If z, <1
* Assume now that zy < 1.
e Then, % =25 € |D, D + ¢

e From the equation for {z;} and the bounds on zn_j; and zy_,, it
follows that

D + ¢

Vv

iN-m = (20) P (A4 zyp) — A

1
> pDi/r (A —A
- ( +D—|—€)

1V

D7 (A+ ! )—A. (41)

X From (41) we have that (40) holds in this case, as well. Since € > 0 was
arbitrary and D > 1, by Lemma 3 we arrive at a contradiction, which
implies that D = 1, and the theorem follows. H

53



6 Some difference equations with prime

periodic solutions of high order

The Periodic Character of the Rational Difference Equation

y — yn—m+yn—m—k
n Yn—k

by John D. Foley and Kenneth S. Berenhaut

To appear in International Mathematical Forum
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Yn = (Yn—7 + YH—Q)/Yn—2
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This paper studies the behavior of positive solutions of the recursive
equation
Yp = yn_eryn_m_k, n=0,1,..., (42)
Yn—k
with y_s,y_s+1,--.,y—1 € (0,00) and k,m € {1,2,3,4,...}, where
s =k -+ m.

e In Berenhaut, K. S., Dice, J. E., Foley, J. D., Iricanin, B. and Stevic, S.,
(2006) Periodic solutions of the rational difference equation y,, = y”‘;iyln“*,
J. Difference Equ. Appl. 12, no. 2, 183—-189, the authors proved that if
(k,m) = (1,3), then every positive solution of (42) converges to a period
two solution, answering Open Problem 11.4.8 (a) in Kulenovi¢, M. R. S.
and Ladas, G. Dynamics of Second Order Rational Difference Equations.

With open problems and conjectures. Chapman and Hall/CRC, 2002.
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yn—m+yn—m—k
Yn—k

Theorem for y,, =

X

Theorem 6 If gcd(m, 2k) = 1, then every positive solution to the equation
18 asymptotically 2k-periodic.

7



Boundedness character of positive solutions of a max difference equations

by Kenneth S. Berenhaut, John D. Foley, and Stevo Stevié

To appear in Journal of Difference Equations and Applications

o8



In this paper, we consider the case ¢ € (0,1) and k odd for the equation

Yn — Max {Ca In—k } ’ n c N07 (43)

Yn—m

where k,m € N.

e By using the change y,, = 1/¢*» the equation

becomes

2n = max{—1,2p_k — Zn—m}, n € Np. (44)

59



Periodicity for z; € Z
>

Theorem 7 Suppose that {z,} satisfies (44) with z_s,2_s11,...,2-1 € Z
where s = max{m, k}. Then, if , the sequence {z,} converges to a

periodic solution of the equation.

60



k odd conjecture

We have the following conjecture regarding solutions to the equation.

(?

Conjecture 2 All positive solutions to the equation
Zn =max{—1,2z,_r — Zn_m} (45)

with k odd are eventually periodic.
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? What are the periodic solutions to z, = max{—1,z, r — 2,_m}7

e Define the function o via

o(n) “ max{i e N:i(i — 1) < 2(n— 1)} (46)

for n € N.

Lemma 6 We have

o(n) = [\/zn} (47)
for n > 2, where [x| indicates the nearest integer function.

We define the integer function P via

Pim) € 2m + o(m) = 2m + [V2m]. (48)
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High order prime periods for the equation
zn = max{—1,z,_r — 2n_m} (k odd)

>k

Theorem 8 For every k,m > 1, with gcd(k,m) = 1, there exists a prime
period P(m*) = 2m* + [v/2m*| solution for some m* > (k —1)?/2.

64



Table 1: Some apparent prime periods for sufficiently small A, for the equa-

tion y, = A+ yn—k/yn—m

k| m | Apparent prime period
3 |7 29

3 | 11 40

5 |1 22

5 | 2 24

5 |3 31

7T |4 57

11 | 17 166
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Table 2: Prime periods of solutions to the equation z, = max{—1,z,_; —

Zn—m } for various k and m.

k | m | m* | prime periods (P(m*))
3 7 12 29

3 | 11 17 40

5 11 | 9,11 29,27

5 |2 |10,12 24,29

5 |3 13 31

7 |4 25 o7

11| 17 | 77,82 166, 177
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zn = 1/1000 + 25,3 /207
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Figure 16: 2, = 1/1000 + z,,—3/2,—7 ( log base 1/A scale).
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max{—1,2, 3 — 2,7}
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Figure 17: z, = max{—1,2,_-3 — 2n_7}
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