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Definition G is k-connected
if for every sequence of 2k vertices, X = x1, . . . , xk ,
Y = y1, . . . , yk , there are internally disjoint paths P1, . . . ,Pk such
that Pi joins a vertex of X to a vertex of Y .
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Definition G is k-linked
if for every sequence of 2k vertices, x1, . . . , xk , y1, . . . , yk , there are
internally disjoint paths P1, . . . ,Pk such that Pi joins xi and yi .
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Definition Let H be a multigraph. An H-subdivision in G is a
pair of mappings f : V(H)→V(G) and
g : E(H)→ the set of paths in G such that:
(a) f (u) 6= f (v) for all distinct u, v ∈ V (H);
(b) for every uv ∈ E (H), g(uv) is an f (u) − f (v)-path in G , and
distinct edges map to internally disjoint paths in G .

Definition A graph G is H-linked if every injective mapping
f : V (H) → V (G ) can be extended to an H-subdivision in G .
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This idea originated with Jung (early 2-linked paper), but had not
been considered in this generality until recently.

The concept was considered independently by Thor Whalen
(Ph.D. thesis) and by
M. Ferrara, RJG, G. Tansey and T. Whalen,
as well as by
A. Kostochka and G. Yu.
Still more recently by
Kostochka, RG and Yu.
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We consider two fundamental questions.

◮ Question Can we find a (minimum) degree condition (based
upon H) so that any graph G satisfying this condition is
H-linked?
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We consider two fundamental questions.

◮ Question Can we find a (minimum) degree condition (based
upon H) so that any graph G satisfying this condition is
H-linked?

◮ Question Can we find a (minimum) degree condition (based
upon H) so that any graph satisfying this condition has a
spanning H-subdivision.
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Sir William Rowan Hamilton:
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Notation

Definition We say a multigraph H is acyclic if it does not contain
cycles other than loops. Let c(H) denote the number of acyclic
components of H.

Definition Let

b(H) =

{

|V (H)| − 1, if H is a forest,

maxX⊂V (H) e(X , V (H) − X ) + c(H), otherwise.
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max edge cut

X

V(G) − X
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First Question

Kostochka and Yu, 2004 consider multigraphs H with δ(H) ≥ 2.

Theorem
Let H be a loopless graph with k edges and δ(H) ≥ 2. Then every

simple graph G of order n ≥ 7.5k with

δ(G ) ≥
n + b(H) − 2

2

is H-linked.
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At the same time ...

Ferrara, RG, Tansey and Whalen, 2004 obtained the following:

Theorem
Let H be a nontrivial multigraph (possibly with loops) on k

vertices. If G is a graph of sufficiently large order n and

δ(G ) ≥
n + b(H) − 2

2
,

then G is H-linked. Furthermore, on any path between ground

vertices in G, there will be at most two intermediate vertices.

Here the class of (multi)graphs H is much larger, but the
bound on n (for G) is much worse (exponential instead of
linear).
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The happy blend

These ideas were merged by Kostochka, RG and Yu, 2005.

Theorem
Let H be a multigraph with e(H) edges (loops or non-loops) and

let k1 = k1(H) = e(H) + c(H). Let G be a simple graph of order

at least 9.5(k1 + 1). If

δ(G ) ≥
n + b(H) − 2

2
,

then G is H-linked. Moreover, every injective mapping

f : V (H) → V (G ) can be extended to an H-subdivision in G

containing at most 5k1 + 2 vertices.
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Sharpness

Suppose H has no acyclic components, so
b(H) = maxX⊂V (H) e(X , V (H) − X ). Let G be two r -cliques

intersecting on b(H) − 1 vertices. Then δ(G ) = n+b(H)−3
2 .

Y

1 2 k

X

1 2 t

...
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r

r
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An Ore-type condition

(Kostochka and Yu, 2005)

Theorem
Let k ≥ 3 and H(k , 2) be the family of simple graphs with k edges

and minimum degree at least 2. If G ∈ H(k , 2) and

σ2(G ) ≥











⌈n+(3k−9)
2 ⌉, if n > 2.5k − 5.5

⌈n+(3k−8)
2 ⌉, if 2k ≤ n ≤ 2.5k − 5.5

2n − 3, if k ≤ n ≤ 2k − 1.

then G is H-linked.
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Immersions

◮ Suppose we weaken the question.
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Immersions

◮ Suppose we weaken the question.

◮ Suppose we now wish to allow the paths in G to be edge
disjoint but not necessarily vertex disjoint.
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Immersions

◮ Suppose we weaken the question.

◮ Suppose we now wish to allow the paths in G to be edge
disjoint but not necessarily vertex disjoint.

◮ Call such a graph an H-immersion in G .
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Immersions
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Notation

Definition For an immersion I of H in a graph G , let
S = f (V (H)). For a vertex v ∈ G − S , define the vertex
repetition number, r(v , I ), to be one less than then number of
paths of I containing v (and zero if v is not used in forming I ).

Definition Define the vertex repetition number r(I ) to be the
sum of the vertex repetition numbers of vertices of G − S .
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Edge disjoint result

Ferrara, RG, Tansey, Whalen, 2005.

Theorem
Let H be a multigraph of order k and G a simple graph of

sufficiently large order n. If λ is an integer such that

0 ≤ λ ≤ b(H) − k + 1, and

δ(G ) ≥
n + b(H) − λ − 2

2
,

then any injective map f : V (H) → V (G ) can be extended to an

H-immersion, I , with r(I ) ≤ λ.
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Conventions

Definition By an independent vertex set we mean a subset
I ⊂ V such that G [I ] has no edges. Let α(G ) = max size.

Definition By an independent edge set we mean E ⊂ E (G )
such that G [E ] is 1-regular. Let β(G ) = the max size.

Note, these def’s exclude loops or vertices with loops.
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Extension to spanning

A common approach to hamiltonian type problems is to find a
cycle and extend it to span the graph. A similar idea applies here.

Theorem
(RG, Whalen, 2004) If H is a multigraph and G is a simple

(max{α(H), β(H)} + 1)-connected graph of order

n > 11|E (H)| + 7(|H| − h1(H)) such that

σ2(G ) ≥ n + |E (H)| − |H| + h1(H) + h0(H),

then G is H-extendable.
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Corollary

(Ore, 1960) Let G be a graph on n ≥ 3 (> 18) vertices with

σ2(G ) ≥ n, then G is hamiltonian.

Proof. Let H be a single vertex with a loop. Then
|E (H)| = |V (H)| = 1 and h1 = h0 = α = β = 0. Clearly, the
degree condition implies the existence of a cycle.
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Corollary

(Ore) Let G be a connected graph of order n ≥ 3(≥ 12) and

σ2(G ) ≥ n + 1, then G is hamiltonian connected.

Proof: Let H = K2. Then |E (H)| = 1, |H| = 2 and
h1 = 2 and h0 = 0.
Thus, using the theorem we get σ2 ≥ n + 1 − 2 + 2 = n + 1
and that n > 11(1) + 7(2 − 2) = 11. As G is connected, there
exists a path between any two vertices, and by the theorem, it
extends to a hamiltonian path.
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Corollary

(Kierstead, Sárközy and Selkow, 1999)
If G is a graph of order n ≥ 11k − 3 (n > 18k) with

δ(G ) ≥ ⌈n/2⌉ + ⌊k/2⌋ − 1, then G is k-ordered hamiltonian.

Proof. Use H = Ck , then b(H) = k (or k − 1) and in any case the
bound on δ for the H-linked result provides the above bound
exactly. Thus, G is k-ordered. Further, this bound exceeds that
for the extension theorem (n/2), hence G is k-ordered hamiltonian.
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Corollary

(Brandt, et. al, 1997) Let G be a graph of order n with σ2 ≥ n.

Then for all 1 ≤ k ≤ n/4(≤ n/18), we have that G contains a

2-factor with exactly k cycles.

Proof: Let H be k vertices, each with a loop. Then
|E (H)| = |V (H)| = k and h1 = α = β = 0. Justesen’s Theorem
implies k vertex disjoint cycles exist under this degree condition.

...
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Corollary

(Chen, RG, Pfender, 2004) Let G be a ⌈k+1
2 ⌉-connected graph

on n ≥ 18 vertices such that σ2(G ) ≥ n. Let C be a cycle in G

encountering the sequence S = (x1, x2, . . . , xk) in that order. Then

G has a hamiltonian cycle encountering S in the given order.

Proof: H = Ck , while |E (Ck)| = |V (Ck)| = k and h1 = h0 = 0,
and α = β = ⌊k

2 ⌋. Applying theorem, we get the result.
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This theorem can produce new results as well. For example:

Suppose we use as H = Ck1 ∪ Ck2 . Then in finding a spanning H

linkage, we have a 2-factor with 2 cycles, one of which is
k1-ordered and the other one k2-ordered.

The conditions then become: For G we need

n > 11(k1 + k2) + 7(k1 + k2 − 0) = 18(k1 + k2)

and

δ(G ) ≥ n+(k1+k2)−2
2
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The Poset

What about the poset of graphs possible for H?

Several graphs can lead to the same result. For example:
Suppose we consider graphs on 3 vertices.
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There are 4 different possible graphs H.

2−connected
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