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= (V, Ey) — multigraph

G =(V, Eg) — underlying graph

Ey={x'")|xeEg}

m, = multiplicity of x in M

J ¢ = collection of spanning trees of G
Iy = collection of spanning trees of M

tG)=|Jcl,  M)=|Tu]

Observation
. II (m,)=#copiesof tinM (te ;)
XET

2. t(M)= > IT (m,)
TeJ. XeET
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sp. trees of M isomorphicto t



Observation K, = underlying graph of M
A —
my = 0for eachx e E(G)

Example (2

MZN _ (3)(2)

(1)

Important subgraphs of K,
E(G)={xeEK,)|m, >1}
E(G)={eE®XK,)|/m, >2}

E(G)=f{xeE(K,)|m, #1}
= E(G")UVE(G)

EXEH_IVNI



Given multigraph M, underlying graph G
and G = xeK, |m, #1 b

Then
tM)= > [ [T(m, —1)J | AF |
F sp forest \ xeF
of G
where Ag = {’c 6;3; |F - ’t}

LemmaMoon) ‘Agl = nn—z_mu(F)

where (F) = productof ordersof thecomp.of F

Consequence

(M= Y (H(mx—l))nn'z'lFID(F)

F sp forest \ xeF
of G




Special Case
Temperley's Formula)

If M is a simple graph, i.e., M

m, # 1 for xeE(K,)
xe G
and in this case, m;, = 0. Thus

%= T (- 1)’F|]AC|

F sp forest
of G

=n"" 3 [—-—j o(F)
| n

F sp forest
of G

then




A Useful Cons ruct

—A Multigraph Complement

Given:
Multigraph M=(V, E); underlying graph G

where E = { (m,) | er(Kn)}
and m_=0if x¢ E(G)

DEFINE
=(V,E) ‘ 1
where E = { (m, 1) ;er(Kn)}

A
NOTATION m,=m, -1

Example
M: ‘ NE) i«»

(O)

M = <2>.< 1) ..<2I I( 1)
M

———

(0)
G =" underlying' graphof



s ™ 2 Flu(F)

F sp forest :
of G | |
wheremp= [[ m_,orlif F=®
xeF

underlying graph of M)



Example

term (1))

2 1 ¢ term (2)(8)
ZI I -1 term | (2)(_1) ( 4)
. I-l term (-1)(8) |

t(M) = 16



1. Voddn>513 (s1mple) graph G and
 multigraph M having the same # of n nodes
and e edges s.t. t(G)=t(M)

reof : Letn=2€+35 and set

l+2=K

]

<

s €4

t(G) = t(M)

_ H-Z(l—ﬂw[(l'nl-(-J[ITEH



2. "Lecal” switches, i.e., removal of 2 multiedge

Generic Example

tM) > t(G)

G obtained from M by moving one u — v

edge to the vacant v — w position
Proof Idea—all terms in t(G) formula

cancel with corresp. terms in t(M) expression

—remaining terms in t(M) expression

i.e., for xeF, yeF; xgF, yeF; xeF, yeF sum
to a positive #



‘Some other applications

e Some special "symmetric" switches work

(i.e. increasing # sp trees )
e Tree formulas for special cases
e Count # r-cycles in a multigraph
e Formula for # of 1-factors in a multigraph

¢ Formula for # of Hamilton paths and
Ham. Cycles in a multigraph
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Stratifying M
(Labeling the edges of M)

ESE {Xi|x€Eg,1Zi<m, 3 Xle

Note: x; = x with label i

Observation

1.Givente &, %zixi(x), X €T, 1$_i(x)£mx)‘e.‘fM

isacopyof 1 (InM)

2. Gy =setof all ¥'s=
ﬁ‘-lﬁxer:i(X)zl.}W{%[Hxers.t.i(x)zz'}

A

4

"n_mw - .
=" 513[
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Exampl
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| Ixer st i(x) 22}

-

IDEA: Partition 9 according to the set
of edges having label > 2

A A
Cy={t| xet st i(x)22}
all the labeled trees in which
x appears with label > 2

A

A

~Cy={t| xet = ix=1]
all the labeled trees in which
either : no copy of x exists,

or i(x)=1
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v

w1, €tC.

(Ica|=10)
~C. = { T |uy €T ORnocopyofuhesm1:

= u w1, €tcC. !

(1“‘Cul=7\)

te



ICEG

A
Cy =( ﬂCxJﬂ( N~ Cx)
Xel xeE-1
Observations:

—eachxel "appears" in T with label > 2

—each x € E; —Ieither
e No copy of x appearsin T
OR e xappears in T with label =1
1.Cy # © = I asp.forest of G' where
E(G")={x e E(G)|my > 2}
2.1f T € &;, then Tt contributesto Cy IFF Ic~

3.1If I c 1, then T contributes

[T(my —1) #'sto Cy
xel

Conclusion |CI| = ( [T(my - I)J{ teg |t21}
xel i AYI ’
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THEOREM lq\il -

2 H(mx "1) lAll
xel

O#I spfrstof G'

PROOF % = 1)

C1

=l spfrstof G'
CONVENTIONS: Agp"="'%

| xe®d
'COROLLARY (M) =

PROOF 4,"=" 5%

A

(mx “‘1):1

3 me——l ]AI|

Isp frstof G‘



Example

@ I3 ﬂ

e | Awl =AW = Awml =

° l A{u,v}‘ - l A{u,w}| =| A{V,W}I =2
l A{u,v,w}|:1

t(M) =4+
. 23)+1(3)+1(3) +

. [((D]2) + [(2MDIR) + [(HDIER) +
-+ [2)(D(1)]

=28

2¢



In Preparation for a "Temperley" Theorem

Given: multigraph M, underlying graph G
Define: multigraph M® with underlying graph
K, as follows —

xeE(G), my=my (inM)
xeE(G), m =1

Example
Observation :
M= T [Ifmy-1)[af
xeF
F sp frst of G'

where A% = {r!teffKn, F;T}
Remark:
t(M°) counts sp trees that are not in J,,; i.e.

those that include at least one x, where
x€E(G)

<1



Counting the "bad" trees

Bi{%e%mﬁrmE&D¢®}

ForFasp forestof G'
By = {%E%\/IC %ECF,TF\E(_G) = }
Then

B=JBp

withE(—(-}-) = { by, by, '»be(G)}

e(G)
Br= redc| 1€Cp, bkE’C}
b M
Inclusiorn/ Exclusion—=

Bl=- ¥ ¥ [m-) Al

Fspforest ®#Kspforest xeFUK
of G' of G

.2,



Conclusion

t(M)=t(M®) - |B|

= T Tlmg-1)af

F sp forest xeF
of G
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