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Definition1.Thecircumferencec(G)ofagraphGisthelength

ofalongestcycleofG.

Theproblemofapproximatingthecircumferencesofgraphsis

NP-hard.
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Fact2.FormostcanonicalNP-hardproblem:

Eitherdramaticallyimprovedapproximationalgorithmshavebeen

devisedorstrongnegativeresultshavebeenestablished.

Fact3.Forfindinglongcycles,notmuchisknown,positiveor

negative.
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•Thereisnoknownalgorithmwhichguaranteesanapproxi-

mationratiobetterthann/polylog(n),and

•Thereisnohardnessofapproximationresultsthatexplains

thissituation
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SpecialClassesofGraphs

1.Graphswithboundeddegrees

2.Planargraphs

3.Graphswithforbiddenminors

4.Graphswithlargedegrees

5.Graphswithforbiddensubgraphs
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Conjecture4(BondyandSimonovits-80).Thereexistsacon-

stant0<β<1suchthatc(G)≥nβforany3-connectedcubic

graphG.

Jackson(-86)establishedtheconjecture.

Theorem5(Feder,Motwani,andSubi-02).Thereisapolyno-

mialtimealgorithmforfindingacycleoflengthatleastnlog32

ina3-connectedcubicgraph.
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Theorem6(JacksonandWormald-93).IfGisa3-connected

graphwithmaximumdegreeatmostd,thenc(G)≥
1
2nlogb2+1,

whereb=6d2.

Theirargumentistechnicalandtheydidnotaddressthealgo-

rithmicissue.Infact,astraightforwardimplementationoftheir

argumentisexponential.
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Theorem7(C,Xu,andYu-03).Thereisacubicpolynomial

timealgorithmforfindingacycleoflengthatleastnlogb2in

a3-connectedgraphwithmaximumdegreeatmostd,where

b=2(d−1)2+1.

Theorem8(C,Yu,andZang-??).Thereisaquadraticpolyno-

mialtimealgorithmforfindingacycleoflengthatleastnlogb2

ina3-connectedgraphwithmaximumdegreeatmostd,where

b=8(d−1)+1.
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Conjecture9(JacksonandWormald-93).Thereisafunction

α(d)>0suchthatc(G)≥α(d)nlogd−12forany3-connected

graphwithmaximumdegreeatmostd,whered≥4.

Conjecture10(JacksonandWormald-93).Thereisafunction

β(d)>0suchthatc(G)≥β(d)nforany4-connectedgraphwith

maximumdegreeatmostd,whered≥4.
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Conjecture11.Thereisafunctionα(k)>0suchthatc(G)≥
α(k)nforeveryk-connectedk-regulargraphG.

Theorem12(Dirac).IfGisa2-connectedgraphwithδ(G)≥d,

thenc(G)≥min{2d,n}.

Theorem13(Fan-86?).IfGisa3-connectedk-regulargraph,

thenc(G)≥min{3k,n}.
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Fact14.Everyhamiltonianplanegraphis4-facecolorable.

Conjecture15(Tait-1886).Every3-connectedcubicplanar

graphishamiltonian.

Theorem16(Tutte-56).Thereexists3-connectedcubicplanar

graphwhichisnothamiltonian.
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Theorem17(Whitney-32).Every4-connectedplanetriangula-

tioncontainsaHamiltoniancycle.

Theorem18(Tutte-56).All4-connectedplanargraphshave

ahamiltoniancycle.
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Conjecture19(MoonandMoser-63).Thereisauniversalcon-

stantα>0suchthatc(G)≥αnlog32forevery3-connected

planargraphG

Conjecture20(GrünbaumandWalther-73).Thesameistrue

for3-connectedcubicplanargraphs.

Theexponentlog32isthebestpossible.
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Fact21.c(Tk)<
7
2nlog32,wheren=|Tk|.
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LetGbea3-connectedplanargraphofordern.

•(Barnette-66)c(G)≥
√
lgn.

•(Clark-85)c(G)≥e
√

lgn.

•(JacksonandWormald-92)c(G)≥βnα,whereβissome

constantandα≈0.207.

•(GaoandYu-97)c(G)≥βnα,whereβissomeconstantand

α≈0.4.

•(Chung-??)improvedαto0.5.
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Theorem22(C,Yu-02).LetGbea3-connectedgraphwith

nvertices,andsupposethatGisembeddableinthesphere,or

theprojectiveplane,orthetorus,ortheKleinbottle.Then

circ(G)≥Ω(nlog32).
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Lemma23.Letm,n,kbenon-negativerealnumbers.Then

(1)mr+nr≥(m+n)rfor0<r<1.

(2)mr+nr≥(m+n+k)rif0≤r≤log32andk=min{m,n,k}.
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Definition24.Acircuitgraphisapair(G,C),whereGisa2-

connectedplanegraphandCisafacialcycleofG,suchthat,

forany2-cutSofG,everycomponentofG−Scontainsavertex

ofC.

CircuitGraph
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Definition25.Let(G,C)beacircuitgraph,andletx,y∈V(C).
Wesaythat(G,xCy)isastrongcircuitgraphif,forany2-cut

SofG,S∩V(yCx−{x,y})6=∅.

Y

x

StrongCircuitGraph
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Theorem26.Let(G,xCy)beastrongcircuitgraph,andlet

w:V(G)→R+.ThenGcontainsanx−ypathPsuchthat

Σv∈V(P−y)[w(v)]
log32

≥[w(G−y)]
log32

.
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Highlighttheproof
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Theorem27(Böhme,Mohar,andC.Thomassen-02).IfGisa

3-connectedgraphonnverticesandoforientablegenusg,then

c(G)≥ε(g)nlg32,whereε(g)isaconstantdependentong.

Theorem28(SheppardsonandYu-02).ε(g)canbereplaced

byaconstantifGisalso”locallyplanar”.
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Fact29.3-connectednonplanargraphsotherthanK5areex-

actlythosegraphscontainingK3,3-minors.

Conjecture30(Thomas).Foreverypositiveintegert,there

existtwopositiverealnumbersαtandβtsuchthatc(G)≥αtnβt

forevery3-connectedgraphGonnverticeswithnoK3,t-minor.
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Theorem31(C,Sheppardson,Yu,andZang).LetGbea

3-connectedgraphonnverticesandcontainingnoK3,t-minor.

Thenc(G)≥|G|r(t),wherer(t)=log8tt+12.
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Theorem32.Letr(t):=log8tt+12andletGbea3-connected

graphwithnoK3,t-minor.Thenthefollowingstatementshold.

(a)Foranydistinctverticesx,y,zofGsuchthatxz,yz∈E(G),

G−zcontainsanx-ypathoflengthatleast(|G|−1
tµ)r(t),where

µ:=µ(G;x,y,z).

(b)Foranyxy∈E(G),Gcontainsanx-ypathoflengthatleast

|G|r(t).

(c)Foranytwodistinctedgesxy,fofG,Gcontainsanx-ypath

throughfwhichhaslengthatleast(|G|
tt)r(t)+1.
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ProofMethodology

•Decompose2-connectedgraphsinto3-connectedcompo-

nents(Tutte’sdecompositiontheorem).

•Individualizeeachedgebydefineladderandrung.

•Correcterrorsbyusingintervalgraphs.
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Conjecture33(SeymourandThomas).Thereisauniversal

constantβandfunctionα(t)>0suchthatc(G)≥α(t)nβfor

every3-connectedgraphwithnoK3,t-minor.

Theorem34(C,Yu,andZang,??).Theaboveconjectureis

true.
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Conjecture35.Thereisafunctionα(t)>0suchthatc(G)≥
α(t)nlog32forevery3-connectedgraphwithnoK3,t-minor.

Conjecture36.Thereisafunctionα(t)>0suchthatc(G)≥
α(t)nforevery6-connectedgraphwithnoK3,t-minor.

Question37.Howabout4-connectedor5-connectedgraphs.
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