
Lattice-Boltzmann Lighting
original paper: Geist, Rasche, Westall, Schalkoff,

Eurographics Rendering Symposium, Norrköping, Sweden, 2004

new extensions: mapping to the GPU
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Goal: Do This, Quickly
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Lattice-Boltzmann (LB) Methods

computational alternative to �nite-element methods
(FEMs) for solving partial differential equations

comparable to FEMs in speed, stability, accuracy, and
storage

advantages:
ease of implementation
ease of parallelization
ease of handling complex boundary conditions and
interfacial dynamics
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Lattice-Boltzmann (LB) Methods

widely used in modeling �uid �o w; see:
Aharonov, E., Rothman, D., “Non-Newtonian Flow
(Through Porous Media): A Lattice-Boltzmann
Method,” Geophysical Res. Letters, 20 (1993), pp.
679-682.
Shan, X., “Simulation of Rayleigh-Bénard
Convection using a Lattice Boltzmann Method,” Phys.
Review E 55:3 (1997), pp. 2780-2788.
Shan, X., Doolen, G., “Multicomponent Lattice
Boltzmann Model with Interparticle Interaction,” J. of
Stat. Physics 18:1/2 (1995), pp. 379-393.
Chopard, B., Droz, M., Cellular Automata Modeling of
Physical Systems, Cambridge Univ. Press, Cambridge
UK, 1998.
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Lattice-Boltzmann (LB) Methods

(other) applications to computer graphics:
Li, W., Wei, X., Kaufman, A., “Implementing lattice
Boltzmann computation on graphics hardware,” The
Visual Computer 19 (2003).
Wei, X., Li, W., Mueller K., Kaufman, A., “The
lattice-Boltzmann method for gaseous phenomena,”
IEEE Trans. on Visualization and Computer Graphics 10
(2004).
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Lattice-Boltzmann (LB) Methods

THE CATCH ?

LB methods speci�ed by microscopic “rules”
for particle/density interaction
associated macroscopic system behavior can
be dif�cult to deduce
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Lighting Participating Media

Solve volume radiative transfer equation:

(~! � r + � t )L(~x; ~! ) = � s

Z
p(~! ; ~! 0)L(~x; ~! 0)d~! 0+ q(~x; ~! )

where: p is the phase, � t = � s + � a, � s is the scattering coef-

�cient, � a is the absorption coef�cient, and q is the emissive

�eld.
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Lighting Participating Media

Radiative transfer in volumes well-studied:

Rushmeier and Torrance (1987) volume radiosity

Ebert and Parent (1990) single-scattering events

Max (1994) and Languénou, Bouatouch and Chelle
(1994) discrete ordinates

Kniss, Premo�e , Hansen, Shirley, and McPherson
(2003) half-angle slicing

Kajiya and Von Herzen (1984) spherical harmonics

Stam (1995) diffusion approximation

Jensen, Marschner, Levoy, Hanrahan (2001) diffusion
approximation
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A 1-D Transport Model

Consider a �o w of (photon) density on a 1-D lattice:

lattice spacing �

synchronous updates with time step �

f � (x; t) = density at site x, time t, �o wing in dir. � 1

at each time step, at each site, fraction � of f � (x; t)
continues in current dir.; remainder reverses dir.

Obtain fundamental update:
0

@ f + (x + �; t + � )

f � (x � �; t + � )

1

A =

0

@ � 1 � �

1 � � �

1

A

0

@ f + (x; t)

f � (x; t)

1

A (1)

Lattice-Boltzmann Lighting – p.9/29



A 1-D Transport Model

Consider a �o w of (photon) density on a 1-D lattice:

lattice spacing �

synchronous updates with time step �

f � (x; t) = density at site x, time t, �o wing in dir. � 1

at each time step, at each site, fraction � of f � (x; t)
continues in current dir.; remainder reverses dir.

Obtain fundamental update:
0

@ f + (x + �; t + � )

f � (x � �; t + � )

1

A =

0

@ � 1 � �

1 � � �

1

A

0

@ f + (x; t)

f � (x; t)

1

A (1)

Lattice-Boltzmann Lighting – p.9/29



A 1-D Transport Model

Consider a �o w of (photon) density on a 1-D lattice:

lattice spacing �

synchronous updates with time step �

f � (x; t) = density at site x, time t, �o wing in dir. � 1

at each time step, at each site, fraction � of f � (x; t)
continues in current dir.; remainder reverses dir.

Obtain fundamental update:
0

@ f + (x + �; t + � )

f � (x � �; t + � )

1

A =

0

@ � 1 � �

1 � � �

1

A

0

@ f + (x; t)

f � (x; t)

1

A (1)

Lattice-Boltzmann Lighting – p.9/29



A 1-D Transport Model

Consider a �o w of (photon) density on a 1-D lattice:

lattice spacing �

synchronous updates with time step �

f � (x; t) = density at site x, time t, �o wing in dir. � 1

at each time step, at each site, fraction � of f � (x; t)
continues in current dir.; remainder reverses dir.

Obtain fundamental update:
0

@ f + (x + �; t + � )

f � (x � �; t + � )

1

A =

0

@ � 1 � �

1 � � �

1

A

0

@ f + (x; t)

f � (x; t)

1

A (1)

Lattice-Boltzmann Lighting – p.9/29



A 1-D Transport Model

Consider a �o w of (photon) density on a 1-D lattice:

lattice spacing �

synchronous updates with time step �

f � (x; t) = density at site x, time t, �o wing in dir. � 1

at each time step, at each site, fraction � of f � (x; t)
continues in current dir.; remainder reverses dir.

Obtain fundamental update:
0

@ f + (x + �; t + � )

f � (x � �; t + � )

1

A =

0

@ � 1 � �

1 � � �

1

A

0

@ f + (x; t)

f � (x; t)

1

A (1)

Lattice-Boltzmann Lighting – p.9/29



A 1-D Transport Model

Consider a �o w of (photon) density on a 1-D lattice:

lattice spacing �

synchronous updates with time step �

f � (x; t) = density at site x, time t, �o wing in dir. � 1

at each time step, at each site, fraction � of f � (x; t)
continues in current dir.; remainder reverses dir.

Obtain fundamental update:
0

@ f + (x + �; t + � )

f � (x � �; t + � )

1

A =

0

@ � 1 � �

1 � � �

1

A

0

@ f + (x; t)

f � (x; t)

1

A (1)

Lattice-Boltzmann Lighting – p.9/29



A 1-D Transport Model

Incremental form:
0

@ f + (x + �; t + � ) � f + (x; t)

f � (x � �; t + � )� f � (x; t)

1

A = 


0

@ f + (x; t)

f � (x; t)

1

A

where 
 =

0

@ � � 1 1 � �

1 � � � � 1

1

A .

Taylor expand left side:

0

@ � @f +

@x + � @f +

@t + (� 2=2)@2f +

@x2 + :::

� � @f �

@x + � @f �

@t + (� 2=2)@2f �

@x2 + :::

1

A = 


0

@ f +

f �

1

A (2)
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A 1-D Transport Model

Seek expression describing evolution of site density,
� (x; t) = f + (x; t) + f � (x; t), as both �; � ! 0.

Assumptions:

� ! 0 faster than � ! 0.
Write � = �� 0 and � = � 2� 0 for small � > 0.

(Chapman-Enskog expansion) �o w can be written as a

small perturbation: f � = f (0)
� + �f (1)

� + � 2f (2)
� + ::: where

f (0)
+ + f (0)

� = � and f (i )
+ + f (i )

� = 0; i > 0.

Substitute these and this and equate coef�cients of

powers of � . . .
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A 1-D Transport Model

� 0:

0 = 


 
f (0)

+

f (0)
�

!

Note 
 has eigenvalues 0 and 2� � 2 with eigenvectors (1; 1)

and (1; � 1).

Conclude (f (0)
+ ; f (0)

� ) = K (1; 1).
Since components sum to � ,

(f (0)
+ ; f (0)

� ) = (�= 2; �= 2) (3)
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A 1-D Transport Model

� 1: 0

@ � 0
@f (0)

+

@x

� � 0
@f (0)

�

@x

1

A = 


 
f (1)

+

f (1)
�

!

From (3)  
� 0
2

@�
@x

� � 0
2

@�
@x

!

= 


 
f (1)

+

f (1)
�

!


 cannot be inverted, but this is in eigenspace of (1,-1),
whose eigenvalue is 2� � 2. Conclude

(f (1)
+ ; f (1)

� ) = (
� 0

4� � 4
@�
@x

;
� � 0

4� � 4
@�
@x

) (4)
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A 1-D Transport Model
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A 1-D Transport Model

� 2: 0

@ � 0
@f (0)

+

@t + � 0
@f (1)

+

@x + � 2
0

2
@2f (0)

+

@x2

� 0
@f (0)

�

@t � � 0
@f (1)

�

@x + � 2
0

2
@2f (0)

�

@x2

1

A = 


 
f (2)

+

f (2)
�

!

Use expressions for f (0)
� (3) and f (1)

� (4) and sum:

@�
@t

= D
@2�
@x2 (5)

a standard 1-D diffusion equation, with diffusion coef�cient

D =
�

� 2

�

� �
�

2 � 2�

�
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A 1-D Transport Model
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A 1-D Transport Model
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A 3-D Transport Model (Isotropic)

Use 19 directions: all lattice points in a cube of radius 1,
except corners.

Update:

f i (~r + � ~ci ; t + � ) = � i (f (~r ; t)) ; i = 0,1, ..., 18

Update matrix, � , has row 0:

� 0j =

(
0 j = 0
� a j > 0
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A 3-D Transport Model (Isotropic)

For the axial rows, i = 1; :::; 6:

� ij =

8
><

>:

1=12 j = 0
� s=12 j > 0; j 6= i

1 � � t + � s=12; j = i

(6)

For the non-axial rows, i = 7; :::; 18:

� ij =

8
><

>:

1=24 j = 0
� s=24 j > 0; j 6= i

1 � � t + � s=24; j = i

(7)
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A 3-D Transport Model (Isotropic)

Limit analysis similar to the 1-D case yields:

@�
@t

= Dr 2
~r � (8)

a standard, 3D diffusion equation with diffusion coef�cient

D =
�

� 2

�

� �
(2=� t ) � 1
4(1+ � a)

�
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Lighting Clouds

Need a cloud density generator

Most are two-stage, macro-structure/micro-structure
models

We do likewise:
macro-structure: new, multi-phase LB model of
interaction between water vapor and thermal energy
(in preparation)
micro-structure: Nagel-Raschke (1992) percolation
model - excellent agreement with real clouds in
fractal analysis

scale entries of 
 = � � I (per lattice site) by density of
scattering medium (cloud) at that site

Lattice-Boltzmann Lighting – p.18/29



Lighting Clouds

Anisotropic scattering:


 i;j controls scattering from direction ~cj into direction ~ci

scale � s in 
 i;j by a (normalized) discrete version of the
Henyey-Greenstein phase function:

pi;j (g) =
1 � g2

(1 � 2g~ni � ~nj + g2)3=2

where ~ni is normalized ~ci and g 2 [� 1; 1] is the phase
parameter.
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Mapping to the GPU

Original paper: single-cpu execution time for
lattice-Boltzmann lighting � 1/2 hour.

New approach, mapping to GPU: 58 seconds.
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GPU Programming, 101

graphics processing units are now programmable

higher level languages (Cg, GLSL) available

can be used for non-graphics, �oating point
computation

why bother?

speed!
3.46GHz dual-core Pentium IV: 25 GFLOPS
Nvidia 7900GTX: > 300 GFLOPS
memory bandwidth - Pentium IV: 6.4 GB/s
Nvidia 7900GTX: 51.2 GB/s

gap widening: sustained doubling of GPU performance
every 6 months
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GPU Programming, 101

TRANSFORMATION
VERTEX

ASSEMBLY
PRIMITIVE 

INTERPOLATION
RASTERIZATION &

OPERATIONS
RASTER FRAME

BUFFER

API (DRAW)

MEMORY
MAIN

API (COPY)

CPU

GPU

VERTEX 
PROCESSOR FRAGMENT

PROCESSOR MEMORY

TEXTURE

APPLICATION
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GPU Programming, 101

can use vertex processors, fragment processors or both

use of fragment processors more common: more of
them; each can do a 4-wide fop (Nvidia 7-series: 24
fragment processors ! 96 fops in parallel)

standard invocation:
load data arrays (textures) with initial data
identify an output array (texture), say size m � n
compile and load a fragment program
have the API draw a rectangle of size m � n
m � n values are written synchronously
switch input/output arrays
repeat
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GPU Programming, 101

limitations

fragment processors are gather-only; no scatter-writes

read from any location in any active texture
write only to the target texture at this fragment's
location

single-precision �oats only; no doubles, integers are
fake, no bitops

debugging is a nightmare (no print statements!)

conditionals can be expensive

no: pointers, goto, switch, continue, break

internal program arrays (not textures) available, but
limited use
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Mapping LB lighting

Recall basic update: if ~r m = ~r + � ~cm, then

photonm(~r m; t + � ) = photonm(~r ; t) + cloud(~r )
 m(photon(~r ; t))

where direction m 2 f 0; 1; :::; 18g.

Re-write as a gather operation. Let ~rm = ~r � � ~cm.

photonm(~r ; t+ � ) = photonm(~rm; t)+ cloud(~rm)
 m(photon(~rm; t))

Storage requirements are substantial:
1283sites� 19directions/site� 4bytes/�oat � 2buffers = 318:8MB

Have card with 1GB (courtesy Nvidia) but, 4D structure (3D

spatial + direction), hardware optimized for 2D, (OpenGL)

max 2D texture edge = 4096.
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Mapping LB lighting

Use GL_FLOAT_RGBA32_NV textures. These are
128-bits per fragment, structured as four, 32-bit �oats ,
named R, G, B, A.

Use target textures of size [128� 128/4][128� 19][4],
where last index is one of R, G, B, A.

map (i,j,k,m) ! texture[(k%32)� 128+i][j� 19+m][k/32]

offers good locality: all directional densities at site are
adjacent

offers 4 site updates in parallel

will present some problems at boundaries
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Mapping LB lighting
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Fragment Program (interior)

#include xrgba.h
uniform sampler2DRect cloud, photon, omega, directions;

void main(void)
{
�oat fEDGE = �oat(EDGE);
�oat fDIR = �oat(DIRECTIONS);
�oat i, j, k, m, row, col, from_m, scatter;
vec4 color, cloud_density, nbr_incoming_color, scattered_in;
vec3 from_node, xyzdir;
int n;

i = mod(gl_TexCoord[0].t,fEDGE);
j = �oor(gl_TexCoord[0].s/fDIR);
k = �oor(gl_TexCoord[0].t/fEDGE);
m = mod(gl_TexCoord[0].s,fDIR);

xyzdir = texture2DRect(directions,vec2(m,0.5));
from_node = vec3(i,j,k) - xyzdir;
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Fragment Program (interior)

row = from_node.z*fEDGE + from_node.x;
col = from_node.y*fDIR + m;

color = texture2DRect(photon,vec2(col,row));
cloud_density = texture2DRect(cloud,vec2(from_node.y,row));
scattered_in = vec4(0.0,0.0,0.0,0.0);
for(n=0;n<DIRECTIONS;n++){

from_m = �oat(n)+0.5;
col = from_node.y*fDIR + from_m;
nbr_incoming_color = texture2DRect(photon,vec2(col,row));
scatter = texture2DRect(omega,vec2(from_m,m));
scattered_in += scatter*nbr_incoming_color;
}

color += scattered_in*cloud_density;
gl_FragColor = color;

}

30 minutes ! 58 seconds
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