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Abstract
A new techniquefor lighting participating mediais suggested.Thetechniqueis basedon the lattice-Boltzmann
method,which is gaining popularity as alternativeto �nite-elementmethodsfor �ow computations,due to its
easeof implementationandability to handlecomplex boundaryconditions.A relativelysimple, grid-basedphoton
transportmodel is postulatedand then shownto describe, in the limit, a diffusion process.An application to
lighting cloudsis provided,where cloud densitiesare generatedby combiningtwo well-establishedtechniques.
Performanceof thenew lighting techniqueis not real-time, but thetechniqueis highly parallel anddoesoffer an
ability to easilyrepresentcomplex scatteringevents.Samplerenderingsare included.

Categories and SubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism

1. Intr oduction

Lattice-Boltzmann(LB) methodsarecomputationalalterna-
tivesto �nite-elementmethodsfor solvingcoupledsystems
of partial differential equations.The LB methodshave re-
centlyprovidedsigni�cant successesin modeling�uid �o ws
and associatedtransportphenomena[HCD98]. The meth-
ods simulate transportby tracing the evolution of a sin-
gle particledistribution throughsynchronousupdateson a
discretegrid. Although the LB methodsdeliver stability,
accuracy, and computationalef�ciency comparableto the
�nite-element methods,the advantageslie in easeof im-
plementation,straightforward parallelization,and an abil-
ity to handleinter-facialdynamicsandcomplex boundaries.
LB methodshave becomequite popular, and an extensive
literaturehasdeveloped.The readeris directedto any of
[CD98, HCD98, FHP86, GdL98, HSB89] for additionalde-
tail.

The purposeof this note is to suggestthat LB methods
may be effectively appliedto certainlighting problems,in
particular, thoserequiringaccuraterepresentationof multi-
ple,anisotropicscattering,e.g.,in lighting participatingme-
diasuchasclouds,dust,andsmoke.
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At the heartof any LB simulationis a lattice, which is
tiled acrossthespaceof interest.In two dimensions,hexag-
onal or rectangulargrids are most often used.Eachnode
of the lattice hasan associatedsetof directionaldensities,
whereeachdensity�o ws toward a speci�c neighbornode
in the lattice. Thus for a hexagonallattice, eachnodewill
have six directionaldensities,andfor a rectangularlattice,
eachwill haveeight.Many modelsincorporateanadditional
density, called a “rest density,” that �o ws from eachnode
to itself. Theseareusefulin capturingcertainmulti-stepef-
fectssuchasvisco-elasticityfor non-Newtonian�uids. Each
lattice directionhasan associatedspeedat which the den-
sity �o ws.This is usedasaweighting,to ensureanisotropic
base,in caseswherethedistancebetweenlatticeneighbors
is not equal.Thus,all directionsin a hexagonallatticehave
equalspeeds,but a rectangularlatticehasspeedsof

p
2 be-

tweendiagonalneighborsandunit speedsotherwise.In three
dimensions,awidevarietyof latticecon�gurationsareused,
but the most commonchoice is a rectangularlattice with
neighborsgiven by the non-cornerpointsof a cubeof unit
radius,f� 1;0;1g3. This yieldsa systemwith 18 neighbor-
ing directionsandonerestdirection,asillustratedin Figure
1.

All computationsin an LB simulationareperformedlo-
cally at eachlattice point. The density�o wing into a point
is redistributedto latticeneighborsusinga setof “collision
rules”. The collision rulesaremostconvenientlyexpressed
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Figure 1: The18 neighbors usedfor 3-dimensionallattice
computations,with the 6 neighbors at distance1 unit (left)
andthe12neighbors (8 shown)at distance

p
2 (right)

asa �x ed matrix, Q, whereentry Qi; j containsthe fraction
of �o w in direction j thatwill bedivertedto directioni. For
eachtime step,the redistribution of densityat all nodesis
performedsynchronously. That is, we can think of the re-
distribution, or update,ascomprisingtwo steps.In the �rst
step,thecollisionphase,thedensitiesateachlatticepointare
locally redistributedto new directionsaccordingto thecol-
lision matrix. In the secondstep,the redirecteddensitiesat
eachsite �o w to neighboringsites,in their respective post-
collision directions.This two-step,synchronousupdatese-
quencerepeatsuntil thesystemconvergesto a steadystate.
Initially, thedirectionaldensitiesin thelatticearesetto ran-
dom valuesexcept at the boundaries.Speci�c directional
densitiesare often injected at certain boundarieson each
timestepto representincoming�o w. Directionaldensitythat
would exit thelatticeon any time stepis eitherre�ected (to
representhardboundaries)or capturedin a sink to test for
systemequilibrium(injected�o w = exit �o w).

In termsof a matrix operation,the synchronousdensity
updateis simply

Q~I = ~O (1)

where~I is thevectorof currentdirectionaldensitiesatasin-
glesiteand~O is thevectorof density�o wing outof thatsite
afterthedistribution.Notethatthecomponentsof~I represent
all directional�o ws at a givensiteat a given time, whereas
thecomponentsof ~O areeachsentto a different(neighbor)
siteat thenext time step.Pseudocodedescribingtheupdate
of thelatticeateachtimestepis givenin AppendixB.

Themodelformulationexpressedby (1) is attractive in its
simplicity andthe easewith which intricateboundarycon-
ditions, in additional to simple re�ection or pass-through,
might beincorporated.Theessentialdif�culty in any appli-
cationof the lattice-Boltzmanntechnique,andits true lim-
itation, lies in verifying that a nearly trivial updateequa-
tion, suchasour equation(1), has,asits limiting behavior,
a speci�c targetsystemof partialdifferentialequationsthat
describesthe systemof interest.Our LB approach,which
might be regardedasa computationally-trivial discreteor-

dinatesmethod,will be seento have an underlyingdiffu-
sion processthat emergesas lattice spacingand time step
approachzero.

The remainderof the paperis organizedas follows. In
the next sectionwe describerelatedwork, both in lattice-
Boltzmannmodelingappliedto graphicsandin lighting par-
ticipatingmedia.In section3 wedescribethenew LB model
andderivetheunderlyingdiffusionprocess.This is theheart
of the paper, sincesuchderivationsrepresentthe only sig-
ni�cant obstaclesto application.In section4, we apply the
model to lighting clouds,wherethe cloud densitymodels
areobtainedby a novel combinationof two previously sug-
gestedtechniques.Someimplementationdetailsandpoten-
tial limitations of the approachare provided in section5.
Conclusionsfollow in section6.

2. RelatedWork

LB methodshave beensuccessfullyappliedin otherareas
of computergraphics.Wei et al. [WLMK04] andLi et al.
[LWK03] describemethodsfor implementingsmallLB sim-
ulationsongraphicshardwarefor simulationsof gases.Har-
ris et al. [HISL03] have useda similar concept,thecoupled
map lattice, for hardware simulationof the formation and
evolutionof clouds.

Becauselattice-Boltzmann methods compete directly
with �nite-element methodson many problemsdomains,
multi-scaleLB methods,e.g.[FH98], have beendeveloped
in thesamespirit asthemulti-grid FEmethods.

The processof light scatteringin a volume �lled with
somemediumcanbedescribedby thestandardvolumera-
diative transferequation

(~w� 5 + s t ) L(~x;~w) = ss

Z
p(~w; ~w0)L(~x; ~w0)d~w0+ Q(~x;~w)

(2)
where~x is a position in space,~w is a sphericaldirection,
p(~w; ~w0) is the phasefunction, ss is the scatteringcoef�-
cient, sa is the absorptioncoef�cient, s t = ss + sa is the
extinctioncoef�cient, andQ(~x;~w) is theemissive�eld in the
volume[Arv93]. Over an in�nitesimal path,the left sideof
Equation2 representstheattenuationdueto bothabsorption
andscatteringascharacterizedby s t = sa + ss. The right
side representsthe amountof light scatteredinto this path
from outsideandemittedfrom within thepath.In thesteady
statethey mustbeequal.

Radiative transfer in volumes is a well-studied topic.
Earlyapproachesto thesimulationof light scatteringin par-
ticipatingmediaassumedthatpropagatingraysencountered
at most one scatteringevent [EP90, Sak90]. Several tech-
niqueshave beensuggestedto capturemultiple scattering.
Rushmeierand Torrance[RT87] useda radiosity (�nite-
element)techniqueto modelenergy exchangebetweenenvi-
ronmentalzonesandhencecaptureisotropicscattering.Max
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[Max94] andLanguénouet al. [LBC94] wereable to cap-
ture anisotropiceffectsby extendingthe discreteordinates
methodfor radiation transferin which all transferis lim-
itedto afew discretedirections,chosenfor optimalGaussian
quadraturein integralsover solid angles.A fastapproxima-
tion to multiple, anisotropicscatteringthat useshalf-angle
(betweenlight andviewpoint)slicinghasrecentlybeensug-
gestedby Knissetal. It is limited to forwardscattering.

Analytical modelsof multiple scatteringhave invariably
led to diffusion processes.Kajiya andVon Herzen[KH84]
usedsphericalharmonicsto expandboth the light intensity
�eld andthescatteringphasefunction.They obtainedacou-
pledsetof partialdifferentialequationsin thesphericalhar-
monic coef�cients whosesolutionwould yield intensityat
eachspatialcoordinate.Stam[Sta95] observed that an ap-
proximatesolution was a diffusion processand provided
substantialdetail regarding this process,including a sug-
gestedmulti-grid solutiontechnique.More recently, Jensen
etal. [JMLH01] showedthatasimple,two-termapproxima-
tion of radiancenaturallyleadsto adiffusionapproximation
that is appropriatefor a highly scatteringmedium.We will
seethatthesimpleLB update(1) canalsoprovideadiffusion
process.

3. Transport Model

Our transportmodelis basedupona discreterepresentation
of time,space,anddirectionwithin ascatteringvolume.We
evaluatea discreteapproximationof equation(2) locally at
eachpoint within the volume.As the sizeof the time step
andthedistancebetweenspatialpointsin ourapproximation
approach0, the approximationwill be shown to converge
towardasolutionof (2).

Formally, we postulatea three-dimensionalphotonden-
sity transportin termsof a spatialandtemporalMarkovian
updateona lattice:

fi(~r + l ~ci ; t + t ) = Qi( f (~r;t)) ; i = 0,1,..., 18 (3)

where fi(~r;t) is thedensityarriving at latticesite~r 2 < 3 at
time t in direction~ci , l is lattice spacing,t is a time step,
andQi is theith row of theupdatematrix,Q, to bespeci�ed.
Thedirections~ci , i = 0,1,...,18,areall thenon-cornerlattice
pointsof a cubeof unit radius,f� 1;0;1g3. We take ~c0 =
(0;0;0), and~c1 - ~c6 to betheaxisdirections.

As with all lattice-Boltzmannmodels,the advantageof
thisapproachis thespeed,storage,andsimplicity of theup-
date(3). Thechallengeis showing thatthelimiting behavior
(asl ; t ! 0) is a targetdifferentialequationthatadequately
describesthesystemof interest.

Consider�rst the isotropic case.Our updatematrix is
givenasfollows.For row 0:

Q0j =
�

0 j = 0
sa j > 0

(4)

For theaxial rows, i = 1; :::;6:

Qi j =

8
<

:

1=12 j = 0
ss=12 j > 0; j 6= i

1� s t + ss=12; j = i
(5)

For thenon-axialrows, i = 7; :::;18:

Qi j =

8
<

:

1=24 j = 0
ss=24 j > 0; j 6= i

1� s t + ss=24; j = i
(6)

Directional density f0 is the absorption/emissioncompo-
nent, and s t 2 [0;1] is the extinction coef�cient of the
medium.As usual,s t = sa + ss, wheresa representsex-
tinction dueto absorptionands s representsextinction due
to scattering.The �rst row of Q (4) indicatesthat fraction
sa of incomingdensityin any direction j > 0 is absorbed
on each(synchronous)updatestep.The�rst column( j = 0
in Equations5 and6) indicatesthatall previously absorbed
densitywill beemitteduniformly on thenext (synchronous)
step,except that we weight axis directionstwice as heav-
ily as non-axisdirectionsto ensureisotropic �o w in the
casethat the scatteringcoef�cient is independentof direc-
tion [CD98]. The remainingnon-diagonalentriesindicate
that the scatteredfraction of the incoming density, s s, is
isotropically distributed to neighboringlattice points. The
diagonalentriesaccountfor the transmissionof that den-
sity which is not scattered.Note that the matrix is stochas-
tic, i.e., å 18

i= 0 Qi; j = 1, all j . We denotetotal sitedensityby
r (~r;t) = å 18

i= 0 fi(~r;t).

To explorebehavior in thelimit, it will beusefulto work
with increments,andsowerewrite (3) as:

fi(~r + l ~ci ; t + t ) � fi(~r;t) = Wi( f (~r;t)) (7)

whereW= Q� I . Expandingtheleft sideof (7) in a Taylor
series,wehave:

[(l ~ci ; t ) � r ] fi(~r;t) +
[(l ~ci ; t ) � r ]2

2!
fi(~r;t) + ::: = Wi( f (~r;t))

(8)
where

r = (¶=¶~r;¶=¶t) = (¶=¶x;¶=¶y;¶=¶z;¶=¶t) (9)

For the diffusion behavior we seek,it will be important
for thetimestepto approach0 fasterthanthelatticespacing.
Speci�cally, wewrite

t =
t0
e2 where t0 = o(e2)

~r =
~r0

e
where k~r0k = o(e)

Then

¶
¶t

= e2 ¶
¶t0

¶
¶ra

= e
¶

¶r0a
for a 2 f x;y;zg
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As is standardpracticein lattice-Boltzmannmodeling,we
alsoassumethatwe canwrite f (~r;t) asa smallperturbation
on thissamescaleaboutsomelocalequilibrium,i.e.,

f (~r;t) = f (0)(~r;t) + ef (1)(~r;t) + e2 f (2)(~r;t) + ::: (10)

wherethelocalequilibriumcarriesthetotaldensity, r (~r;t) =

å 18
i= 0 f (0)

i (~r;t). Equation(10) is the Chapman-Enskog ex-
pansionfrom statisticalmechanics[CD98], wherein it is
assumedthat any �o w that is nearequilibrium can be ex-
pressedasa perturbationin theso-calledKnudsennumber,
e, whichrepresentsthemeanfreepath(expecteddistancebe-
tweensuccessivedensitycollisions)in latticespacingunits.

Equation(7) now becomes:
�
[el (~ci � ¶

¶~r0
) + e2t ¶

¶t0
] +

[el (~ci � ¶
¶~r0

)+ e2t ¶
¶t0

)]2

2 + :::
�

�

( f (0)
i + ef (1)

i + :::) = Wi( f (0) + ef (1) + :::) (11)

Equatingcoef�cients of e0 in (11), weobtain:

0 = Wi( f (0)(~r;t)) (12)

i.e., f (0) is indeeda local equilibrium. In general,a local
equilibriumneednotbeunique,andthechoicecanaffectthe
speedof convergence[KFO99]. Nevertheless,in this caseit
turnsout that W hasa one-dimensionalnull space.We ob-
serve that

v = (sa;1=12; :::;1=12;1=24; :::;1=24)

(whereentries1 - 6 are1=12) satis�esWiv = 0, all i, andso
wemusthave

f (0)
i = Kvi

wherethe scalingcoef�cient, K, is determinedby the re-

quirementthat r = å i f (0)
i = K å i vi = K(1+ sa). Thuswe

have:

f (0)
i (~r;t) =

vi

1+ sa
r (~r;t) (13)

Similarly, equatingcoef�cients of e1 in (11), weobtain:

l (~ci �
¶

¶~r0
) f (0)

i (~r;t) = Wi f (1)(~r;t) (14)

thatis,

l vi

1+ sa
(~ci �

¶
¶~r0

)r (~r;t) = Wi f (1)(~r;t) (15)

We would like to solve (15) for f (1) , but we cannotsimply
invert W, sinceit is singular. Nevertheless,we canobserve
thatany of

(c0a ;c1a ; :::;c18a ) wherea 2 f x;y;zg

aswell asany of

(v0c0a ;v1c1a ; :::;v18c18a ) wherea 2 f x;y;zg

isaneigenvectorof Wwith eigenvalue� s t . Thus,if wewrite

f (1)
i (~r;t) = Kvi(~ci �

¶
¶~r0

)r (~r;t)

and substitute into (15), we can determine that K =
� l =((1+ sa)s t ) andso

f (1)
i (~r;t) =

� l vi

(1+ sa)s t
(~ci �

¶
¶~r0

)r (~r;t) (16)

Finally, weneedto equatee2 termsin (11), but hereit will
suf�ce to sumoverall directions.Weobtain:

18

å
i= 0

"

t
¶f (0)

i
¶t0

+ l (~ci �
¶

¶~r0
) f (1)

i +
l 2

2
(~ci �

¶
¶~r0

)2 f (0)
i

#

= 0

(17)
Substitutingexpressions(13) and(16) into equation(17) and
observingthat

18

å
i= 0

vicia cib = (1=2)dab for a;b 2 f x;y;zg

weobtain

¶r
¶t0

�
l 2(1=s t � 1=2)

2t (1+ sa)

 
¶2r
¶r2

0x

+
¶2r
¶r2

0y

+
¶2r
¶r2

0z

!

= 0 (18)

which is thestandarddiffusionequation,

¶r
¶t0

= Dr 2
~r0

r (19)

with diffusioncoef�cient

D =

 
l 2

t

! �
(2=s t ) � 1
4(1+ sa)

�

4. Lighting Clouds

To illustrate application of our transportmodel to light-
ing clouds, we obviously need a cloud density genera-
tor. The most successfuldensity generatorsin the litera-
tureusea two-stage,macro-structure/micro-structuremodel
[EMP� 02, KPH� 03, DKY � 00, HL01]. We follow this lead,
but becausewe want to staywithin therealmof physically-
basedmodeling,weemploy avariationontheseapproaches.
For themacroscopicstructure,weusethemodelof Miyazaki
et al. [MYDN01], which canberegardedasanapproxima-
tion of the momentumandenergy equationsfor �uid �o w
at the Navier-Stokeslevel. We thentreat the shapeoutputs
of this modelasmasksfor humidity seedingin thepercola-
tion modelof NagelandRaschke [NR92]. The mostcom-
pelling argumentin favor of the Nagel-Raschke model is
the excellent agreementwith real clouds in fractal analy-
sis.To retainthis characteristic,we avoid explicit Gaussian
smoothingof the binary, percolationmodeloutput in com-
putingdensityatgrid nodes.Instead,we�rst expandthetar-
getdensitygrid (of sizeN3, where,for theexamplesshown,
N = 128) by a factorof K in eachdimension.Becausethe
Nagel-Raschke modelcanbeimplementedwith ef�cient bit
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Figure 2: Samplecloudrenderingwith isotropic scattering
(g = 0:0) andsinglescatteringalbedo0.9.

operatorsandstorage,thisdoesnotleadto inordinatestorage
requirements.Thebinaryoutputis thenaveragedover each
cubeof edgedimensionK to providearealdensitywith res-
olution1=K3 ateachof theoriginalN3 sites.In theexamples
shown, weusedK = 5.

To provide for anisotropic,non-homogeneousscattering,
wemodify theentriesof Q. First,becauseQi; j controlsscat-
teringfrom direction~c j into direction~ci , wescaless in Qi; j
by

pi; j

å 18
j= 1 pi; j=18

wherepi; j is adiscreteversionof thetheHenyey-Greenstein
phasefunction[HG40],

pi; j =
1� g2

(1� 2g~ni � ~n j + g2)3=2

Here~ni is the normalizeddirection,~ci , and g 2 [� 1;1] is
a parameterthat allows for the anisotropicscattering.Note
thatg > 0 providesforwardscattering,g < 0 providesback-
ward scattering,andg = 0 returnsus to the isotropiccase.
To provide density-dependence,the s valuesin eachentry
of Q arescaledby the densityof the scatteringmediumat
the latticepoint beforeapplyingtheupdate(7). Note thata
densityof zeroat a latticesiteyieldsa simplepass-through
of photondensity.

For rendering,thedirectionaldensitiesat eachgrid loca-
tion aresummedto representthe illuminateat the location.
Wethenmarchraysthroughthevolumeto form imagesasin
[KH84]. Notethatthedisplaycould,instead,bemadedirec-
tionally dependentby resolvingthe viewing direction into
theminimal grid-directionalpositive componentsandusing
only thosefi(~r;t). In Figure2 we show a samplerendering
with a singlescatteringalbedo(s s=s t ) of 0:9, a per-lattice-

Figure 3: Samplecloud renderingwith forward scattering
(g = 0:85) andsinglescatteringalbedo0.9.

site extinction coef�cient s t = 0:25, and isotropic scatter-
ing (g = 0). In Figure 3 we show the samecloud density
from thesameviewpoint with signi�cant forwardscattering
(g = 0:85).

With thismethod,it is easyto simulatenon-homogeneous
materials.Figure 4 shows an example of a rainbow gra-
dient appliedto ss over a cloud shapedlike the Stanford
Bunny (www-graphics.stanford.edu/data/3Dscanrep/).The
cloud density was generatedby applying the percolation
modelto theBunny interior. With this �gure surfaceeffects
arenotconsidered,sotheresultingsimulationis notdirectly
comparableto currentsubsurfacescatteringtechniques.

5. Detailsand Limitations

At the beginning of eachtime step,photondensitycorre-
spondingto light enteringthe systemmustbe addedto the
boundarynodesof thelattice.Suchboundaryconditionsare
handledby resolvingtheilluminationsource(sun)direction
into a minimal collectionof grid-directional,positive com-
ponentsat eachboundarysite.For this stepwe usea proce-
dure, similar to Gram-Schmidtorthogonalization,wherein
werepeatedlyselect,from thoselatticedirectionsnotyetse-
lected,thatgrid directionhaving thelargestdotproductwith
the remaininglight directionand thensubtractthat contri-
bution from the remaininglight direction.Pseudocodefor
thisoperationis listedin AppendixA. For thoseselectedlat-
ticedirectionsthatpoint interior to thegrid, directional�o w
( fi(~r;t)) is �x edat a constantvalueon eachtime step.Grid
out�ow is capturedin a sink to testfor equilibrium,but it is
otherwiseunused.Wenotethatit couldbesampledto imple-
mentshadowscastby theclouddensityonsurfacesexternal
to thegrid.

In many LB simulations,theboundariesof thelatticeare
periodic.Thus,asdensity�o wsoutoneside,it �o wsbackin
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Figure 4: Bunny-shapedcloud with anisotropic scattering
(g = 0:25) anda wavelengthdependents s smoothlyvarying
with position.
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Figure 5: Thetotal densityin the lattice at each time step
for the128x128x128latticeshownin Figure 2

theother. For many applications,it is appropriateto obstruct
someof theboundarieswith somesortof barrieror wall and
modify thecollision rulesat suchsitesto includere�ection
or absorption.For simulationsof light throughparticipating
media,thesemethodsdonot relateto thephysicalprocesses
beingsimulated.Instead,weallow densityto freely �o w out
of theboundariesof thelattice.Sincewe alwaysinject den-
sity from a light sourceat the beginning of eachtime step,
thesystemeventuallyconvergesto a steadystate,aslong as
theeigenvaluesof Ware2 (� 2;0).

While we have usedthis procedurefor simulationsin-
volving externallight sources,thereis nothingpreventingus
from simulatingemissive media.For an emissive medium,
photondensitywould beaddedat appropriatelatticepoints
ateachtimestep.

By experiment,convergencegenerallyrequiresa number
of iterationsof (7) equalto twice the longestdimensionof
thegrid. Thiscanbeseenin Figure5 wherethetotaldensity
in thelatticeis plottedfor eachtimestepwith a1283 lattice.

Our methoddoesnot provide the real-timeperformance
seenby otherapproaches[HL01, KPH� 03], but thequality
of the images,the simplicity of the algorithm(7), and the
ability tohandlecomplex scatteringeventsmakeit attractive.
To estimatethe performanceavailable throughparalleliza-
tion, we implementeda single-channel,N = 128 modelon
a 64-processorBeowulf-classclusterwith 1.6GHzPentium
IV processorsand100MbEthernetlinks. In this implemen-
tation, the algorithm required0.093 secondsper iteration
of (7), andthusapproximately24 secondsto convergence,
which is not unreasonablefor a systemwith morethantwo
million nodes.The singleCPU time was6.15 secondsper
iteration.Notethatthespeedupwasslightly super-linear.

A disadvantageof this methodis the amountof storage
requiredto hold the lattice.We needto representN3 sites,
eachwith 19 directionaldensities(�oats). If N is as large
as256, this canbe extensive, althoughspacerequirements
canbe partitionedamongmultiple computationalnodesin
a straightforward manner. A few conventionalPCswould
suf�ce for avery largemodel.

Work is progressingon multi-resolution LB methods,
suchas [FH98], in order to help lower the resourceusage
of thesimulation.

Thecurrentsimulationdoesnot take into accountany in-
teractionbetweenlight andsurfaces.This limits theclassof
objectsmodeledto participatingmediasuchasclouds,dust
andsmoke.An extensionto includeinteractionwith surfaces
andBRDF-basedboundaryconditionswould bebothanin-
terestingandusefulexerciseandmightallow for thesimula-
tion of subsurfacescatteringin complex, non-homogeneous
mediasuchasskin.

6. Conclusions

We have suggesteda new technique,basedon a lattice-
Boltzmann method, for lighting participating media. Al-
thoughthetechniquedoesnotdeliverreal-timeperformance,
it doesoffer a verysimpleimplementation,high-qualityim-
ages,anability to capturecomplex scatteringevents,andan
underlyinganalytic(diffusionprocess)model.Theessential
obstacleto any applicationof the lattice-Boltzmanntech-
nique lies in verifying that a discretesystemof relatively
simple, synchronousupdateshas,as its limiting behavior,
a speci�c targetsystemof partialdifferentialequationsthat
describethe systemof interest.We have appliedthis tech-
niqueto a modelof photontransportandprovidedthis veri-
�cation.

Theeasewith which lattice-Boltzmannmethodscanhan-
dle complex boundaryconditionssuggeststhatapplications
to modelingsubsurfacescatteringmaybeavailable.
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Appendix A: ResolvingDirections

Thissectionpresentspseudocodefor resolvinga light direc-
tion,~L, with intensity1, into a latticeof 18 directionalden-
sities.This doesnot include the “rest density” which does
not have anassociateddirection.Theparameter~f storesthe
resultinglight in termsof latticedirections.

void light_to_latt( ~L, ~f ) {
int i, j, dirs[18];
// Normalized light intensity
float intens = 1.0;
float latt_dirs[] = {1, 0, 0, -1, ...};

for (i=0; i<18; i++) dirs[i] = i;

// Sort lattice dirs on dot product
// with the light direction, in
// desc order; store idxs in dirs
sort_by_dp(dirs, ~L, latt_dirs);

for (i=0; i<18; i++) {
// If 0 intensity remains, stop
if (intens < e) break;
dp = dot(latt_dirs[dirs[i]], ~L);
~f [dirs[i]] = min(dp,intens);
intens -= dp;

}
}

Appendix B: LatticeUpdates

Herewepresentpseudocodefor themainlatticeupdatestep,
wheredirectionaldensitiesarescatteredanddistributed to
neighboringlocations.Q is thematrix describingthe redis-
tributionof density(seeEquations3-5for theisotropiccase)

void update(node *src, node *dst,
float ** Q) {

int i, out, in, neigh;
float new_dense[19];

// Inject new light density on the
// borders of the lattice
inject_light(src);

// Distribute density locally
// according to the collision rules
for (i=0, i<# nodes; i++) {

for (in=0; in<19; in++)
new_dense[in] = 0;

for (in=0; in<19; i++) {
for (out=0; out<19; out++) {

new_dense[out] +=
src[i].dir[in]* Q[in][out];

}
}

for (in=0; in<19; in++)
src[i].dir[in] = new_dense[in];

}

// Now flow density to neighbors
for (i=0, i<# nodes; i++) {

for (in=0; in<19; in++) {
// Compute the index of the
// node at i in the in direction
neigh = compute_neighbor (i, in);

if (neigh is a valid index)
dst[neigh].dir[in]

= src[i].dir[in];
}

}
}
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