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Abstract

A new techniquefor lighting participating mediais suggested.Thetechniqueis basedon the lattice-Boltzmann
method,which is gaining popularity as alternativeto nite-elementmethodsfor ow computationsdueto its
easeof implementatiormndability to handlecomplex boundaryconditions A relativelysimple grid-basedohoton
transportmodelis postulatedand then shownto describe in the limit, a diffusion process.An application to
lighting cloudsis provided,whele cloud densitiesare genemated by combiningtwo well-establishedechniques.
Performanceof the new lighting techniqueis notreal-time but the techniqueis highly parallel and doesoffer an
ability to easilyrepresenttomple scatteringevents.Sampleaenderingsare included.
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1. Intr oduction

Lattice-Boltzmanr(LB) methodsarecomputationablterna-
tivesto nite-elementmethodsfor solving coupledsystems
of partial differential equationsThe LB methodshave re-
centlyprovidedsigni cant successeis modeling uid ows
and associatedransportphenomengHCD98. The meth-
ods simulate transportby tracing the evolution of a sin-
gle particle distribution throughsynchronousipdateson a
discretegrid. Although the LB methodsdeliver stability,
accurayg, and computationalef ciency comparableto the
nite-element methods,the advantagedie in easeof im-
plementation straightforvard parallelization,and an abil-
ity to handleinterfacialdynamicsandcomple boundaries.
LB methodshave becomequite popular and an extensie
literature has developed.The readeris directedto ary of
[CD98 HCD98 FHP86 GdL98 HSB8Y9 for additionalde-
tail.

The purposeof this noteis to suggesthat LB methods
may be effectively appliedto certainlighting problems,in
particular thoserequiringaccuraterepresentatioof multi-
ple, anisotropicscatteringge.g.,in lighting participatingme-
diasuchasclouds,dust,andsmole.
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At the heartof ary LB simulationis a lattice, which is
tiled acrossthe spaceof interest.In two dimensionshexag-
onal or rectangulargrids are most often used.Each node
of the lattice hasan associatedetof directionaldensities,
whereeachdensity o ws toward a speci ¢ neighbornode
in the lattice. Thusfor a hexagonallattice, eachnodewill
have six directionaldensitiesandfor a rectangulafattice,
eachwill have eight.Many modelsincorporateanadditional
density called a “rest density’ that o ws from eachnode
to itself. Theseareusefulin capturingcertainmulti-stepef-
fectssuchasvisco-elasticityfor non-Nevtonian uids. Each
lattice direction hasan associategpeedat which the den-
sity o ws. Thisis usedasaweighting,to ensureanisotropic
base|in casesvherethe distancebetweenrlattice neighbors
is not equal.Thus,all directionsin a haagonallattirbeba/e
equalspeedsbut a rectangulatattice hasspeedof 2 be-
tweendiagonaheighborsandunit speedstherwiseln three
dimensionsawide varietyof latticecon gurationsareused,
but the most commonchoiceis a rectanguladattice with
neighborsgiven by the non-cornemoints of a cubeof unit
radius,f 1;0; 1g3. This yields a systemwith 18 neighbor
ing directionsandonerestdirection,asillustratedin Figure
1.

All computationsn an LB simulationare performedio-
cally at eachlattice point. The density o wing into a point
is redistritutedto lattice neighborsusinga setof “collision
rules”. The collision rulesare mostcorveniently expressed
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Figure 1: The 18 neighbos usedfor 3-dimensionalattice
computationswith the 6 neighbos at distquel unit (left)
andthe 12 neighbos (8 shown)at distance 2 (right)

asa x ed matrix, Q, whereentry Q;:; containsthe fraction
of ow in directionj thatwill bedivertedto directioni. For
eachtime step, the redistritution of densityat all nodesis
performedsynchronouslyThatis, we canthink of the re-
distribution, or update ascomprisingtwo steps.n the rst

step thecollisionphasethedensitiesateachatticepointare
locally redistritutedto new directionsaccordingto the col-
lision matrix. In the secondstep,the redirecteddensitiesat
eachsite o w to neighboringsites,in their respectre post-
collision directions.This two-step,synchronousipdatese-
guencerepeatauntil the systemconvergesto a steadystate.
Initially, thedirectionaldensitiesn thelatticearesetto ran-
dom valuesexcept at the boundaries Speci ¢ directional
densitiesare often injected at certain boundarieson each
time stepto represenincoming o w. Directionaldensitythat
would exit thelattice on ary time stepis eitherre ected (to
represenhardboundariespr capturedin a sink to testfor
systemequilibrium (injected o w = exit o w).

In termsof a matrix operation,the synchronousiensity
updatels simply

Qr=0 @)

wheret is thevectorof currentdirectionaldensitiesat a sin-
gle siteandO is thevectorof density o wing out of thatsite
afterthedistribution. Notethatthecomponentsft represent
all directional o ws at a given site at a giventime, whereas
the component®f O areeachsentto a different(neighbor)
site at the next time step.Pseudocoddescribingthe update
of thelattice at eachtime stepis givenin AppendixB.

Themodelformulationexpressedby (1) is attractvein its
simplicity andthe easewith which intricate boundarycon-
ditions, in additionalto simple re ection or pass-through,
might beincorporatedThe essentiadif culty in ary appli-
cation of the lattice-Boltzmanrtechniqueandits true lim-
itation, lies in verifying that a nearly trivial updateequa-
tion, suchasour equation(1), has,asits limiting behaior,
a speci c taigetsystemof partial differentialequationghat
describeghe systemof interest.Our LB approachwhich
might be regardedas a computationally-twial discreteor-

dinatesmethod,will be seento have an underlying diffu-
sion processthat emepgesas lattice spacingand time step
approactzero.

The remainderof the paperis organizedas follows. In
the next sectionwe describerelatedwork, both in lattice-
Boltzmannmodelingappliedto graphicsandin lighting par
ticipatingmedia.ln section3 we describehenewv LB model
andderive theunderlyingdiffusionprocessThisis theheart
of the paper sincesuchderivationsrepresenthe only sig-
ni cant obstaclego application.In section4, we apply the
modelto lighting clouds,wherethe cloud density models
areobtainedby a novel combinationof two previously sug-
gestedechniquesSomeimplementatiordetailsand poten-
tial limitations of the approachare provided in section5.
Conclusiongollow in section6.

2. RelatedWork

LB methodshave beensuccessfullyappliedin otherareas
of computergraphics.Wei et al. [WLMKO04] andLi etal.

[LWKO3] describemethoddor implementingsmallLB sim-

ulationson graphicshardwarefor simulationsof gasesHar-

ris etal. [HISLO3] have useda similar conceptthe coupled
map lattice, for hardware simulation of the formation and
evolution of clouds.

Because lattice-Boltzmann methods compete directly
with nite-element methodson mary problemsdomains,
multi-scaleLB methodse.g.[FH9§, have beendeveloped
in the samespirit asthe multi-grid FE methods.

The processof light scatteringin a volume lled with
somemediumcanbe describecby the standard/olumera-
diative transferequation

z
(W 5 +st)Llsw) = 55 p(w; WOL( WO dWO+ Q(xw)
(2)
wherex is a positionin spacew is a sphericaldirection,
p(w; W9 is the phasefunction, ss is the scatteringcoef-
cient, s is the absorptioncoefcient, st = ss+ sa is the
extinction coefcient, andQ(x; w) istheemissve eld in the
volume[Arv93]. Over anin nitesimal path,the left sideof
Equation2 representtheattenuatiordueto bothabsorption
andscatteringas characterizedy st = sa+ Ss. Theright
siderepresentshe amountof light scatterednto this path
from outsideandemittedfrom within the path.In the steady
statethey mustbeequal.

Radiatve transferin volumesis a well-studied topic.
Early approacheso the simulationof light scatteringn par
ticipatingmediaassumedhat propagtingraysencountered
at most one scatteringevent [EP9Q Sak9(Q. Several tech-
nigueshave beensuggestedo capturemultiple scattering.
Rushmeierand Torrance[RT87] useda radiosity ( nite-
elementtechniqueo modelenegy exchangebetweerervi-
ronmentakzonesandhencecapturesotropicscatteringMax

¢ TheEurographic#ssociation2004.
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[Max94] andLanguénouet al. [LBC94] were ableto cap-
ture anisotropiceffects by extendingthe discrete ordinates
methodfor radiationtransferin which all transferis lim-
itedto afew discretedirections choserfor optimalGaussian
guadraturen integralsover solid angles A fastapproxima-
tion to multiple, anisotropicscatteringthat useshalf-angle
(betweerlight andviewpoint) slicing hasrecentlybeensug-
gestedby Knissetal. It is limited to forward scattering.

Analytical modelsof multiple scatteringhave invariably
led to diffusion processesKajiya andVon Herzen[KH84]
usedsphericalharmonicsto expandboth the light intensity
eld andthescatteringphasegunction.They obtaineda cou-
pledsetof partialdifferentialequationsn the sphericahar
monic coefcients whosesolutionwould yield intensity at
eachspatialcoordinate.Stam[Sta93 obsered that an ap-
proximate solution was a diffusion processand provided
substantialdetail regarding this process,ncluding a sug-
gestedmulti-grid solutiontechnique More recently Jensen
etal. [JMLHO1] shovedthatasimple,two-termapproxima-
tion of radiancenaturallyleadsto a diffusionapproximation
thatis appropriatefor a highly scatteringmedium.We will
seethatthesimpleLB updatg(1) canalsoprovide adiffusion
process.

3. Transport Model

Our transportmodelis basedupona discreterepresentation
of time, spaceanddirectionwithin a scatteringrzolume.We
evaluatea discreteapproximationof equation(2) locally at
eachpoint within the volume. As the size of the time step
andthedistancebetweerspatialpointsin ourapproximation
approach0, the approximationwill be shavn to corverge
towarda solutionof (2).

Formally, we postulatea three-dimensiongbhotonden-
sity transportin termsof a spatialandtemporalMarkovian
updateon a lattice:

fie+ le;t+t) = Q(f(rt); 1=01,..,18 (3)

where fi(¥;t) is the densityarriving at lattice site+ 2 < 3 at
timet in directionsg;, | is lattice spacing,t is atime step,
andQ; is theit row of theupdatematrix, Q, to bespeci ed.
Thedirectionss;, i =0,1,...,18 areall thenon-cornelattice
pointsof a cubeof unit radius,f 1;0; 1g3. We take eg =

(0;0;0), ande; - €5 to betheaxisdirections.

As with all lattice-Boltzmannmodels,the adwantageof
this approachs the speedstorageandsimplicity of the up-
date(3). Thechallengéds shaving thatthelimiting behaior
(asl ;t ! 0)is atametdifferentialequatiorthatadequately
describeghe systemof interest.

Consider rst the isotropic case.Our updatematrix is
givenasfollows. For row O:

0 j=

0
QOj = sa j>0 4)
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For theaxialrows,i = 1;:::;6:

8
< 1=12 j=0

Qij= . ss=12 j>0 j6i (5)
"1 st+ss=12 =i

For the non-a>éialr0vvs,i = 7;:::;18:

< 1=24 j=o0

Qij=. ss=24 >0 j6i (6)
"1 st+ss=24; =i

Directional density fg is the absorption/emissiorompo-
nent, and st 2 [0;1] is the extinction coefcient of the
medium.As usual,st = Sa+ Ss, Wheresa represent®x-
tinction dueto absorptionandss representgxtinction due
to scattering.The rst row of Q (4) indicatesthat fraction
sa of incomingdensityin ary direction j > 0 is absorbed
on each(synchronousypdatestep.The rst column(j = 0
in Equations5 and6) indicatesthatall previously absorbed
densitywill beemitteduniformly onthenext (synchronous)
step,exceptthat we weight axis directionstwice as heas-
ily as non-axisdirectionsto ensureisotropic ow in the
casethat the scatteringcoefcient is independenbf direc-
tion [CD9§. The remainingnon-diagonalentriesindicate
that the scatteredfraction of the incoming density ss, is
isotropically distributed to neighboringlattice points. The
diagonalentriesaccountfor the transmissionof that den-
sity which is not scatteredNote that the matrix is stochas-
tic, i.e.,éilfoQi;,- = 1, all j. We denotetotal site densityby
r;t) = éizso fi(r;t).

To explore behaior in thelimit, it will be usefulto work
with incrementsandsowe rewrite (3) as:

fitr;t) = WI(f(¥:1)) )
|. Expandingthe left sideof (7) in a Taylor

fiek+ I g;t+t)

whereW= Q
serieswe have:

[ est) 1 Ien+ LD TS P feit) + 2= W(TGriD)
' ®)

where
ro= (1= 1=1t) = (1=1x 1=1y; =1z 7="t) )

For the diffusion behaior we seekit will be important
for thetime stepto approact® fasterthanthelatticespacing.
Speci cally, we write

t= g where tg= 0(e2)
= % where krpk = o(€)
Then
1T_21
— = e _
Tt fito
1 1
— =€ for a2fxy,
Tra Troa ¥4
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As is standardpracticein lattice-Boltzmannmmodeling,we
alsoassumehatwe canwrite f(¥;t) asasmallperturbation
onthis samescaleaboutsomelocal equilibrium,i.e.,

fEet) = fOwn+efPEn+ @@+ (10)

wherethelocal equilibriumcarriesthetotaldensityr (¥;t) =

éilzgo fi(o) (¥;1). Equation(10) is the Chapman-Ensig ex-
pansionfrom statisticalmechanics{CD98, whereinit is
assumedhatary o w thatis nearequilibrium canbe ex-
pressedasa perturbationin the so-calledknudsennumber
e, whichrepresentthemeanfreepath(expectedlistancebe-
tweensuccessie densitycollisions)in lattice spacingunits.

Equation(7) now becomes:

I(e L)+t )2
ol (& gh)+ tgl)s STl

(104 et 4y = WO+ ef D4y (1)

Equatingcoefcients of in (112), we obtain:
0= w(t91) (12)

i.e., O is indeeda local equilibrium. In general,a local
equilibriumneednotbeunique,andthechoicecanaffectthe
speedf corvergencel KFO99. Neverthelessin this caseit
turnsout that W hasa one-dimensionahull space We ob-
senethat

V= (Sa; 17125 1=12,1=24; 502, 1=24)

(whereentriesl - 6 are1=12) satis esWv = 0, all i, andso
we musthave

fi(o) = Ky;

wherethe scaling coefcient, K, is determinedby the re-
quirementthatr = §; fi(o) = K&;V; = K(1+ sa). Thuswe
have:

Vi

(Otein) = 1+ Sa

r(#t) (13)

Similarly, equatingcoefcients of etin (112), we obtain:

T Oy = D e
thatis,
lvi 1 oy 1) 7.
1T Sa(€| —ﬂro)r(*,t)—Wf (#:1) (15)

We would like to solve (15) for £V, but we cannotsimply
invert W, sinceit is singular Neverthelessyve canobsenre
thatary of

(Co,sC1,5:5C18,) Wherea 2 Xy, zg
aswell asary of

(VoCo,;V1C1, ;55 VigC1g,)  Wherea 2 fx;y, zg

is aneigervectorof Wwith eigervalue  st. Thus,if wewrite
P t) = Kyi(g al r(rt
i 1) i(€i ﬂi‘0)( )

and substituteinto (15), we can determinethat K =
| =((1+ sa)st) andso

(R

(D) fpepy —
fimn = (1+ sa)st

N
(& g )T (16)

Finally, we needto equate2 termsin (11), but hereit will
sufce to sumover all directions.\We obtain:

18 g0 1 12 i)zf_(o) -0
Tro 2 '

O+ e g

i '
i?o t Tito + (€|

17
Substitutingexpressiong13) and(16) into equation(17) and
observinghat
18
a ViGi,C, = (1=2)dy, fora;b2 fxy,zg
i=0

we obtain

T 1%(1=st 1=2) Tr, r

!
r

— —+ =0 (18
fo 2(+sa) W3 W WZ (18)
whichis the standardliffusionequation,
r _ 2
To Dr r (29)
with diffusioncoefcient
D= 12 (2=sy) 1
t 4(1+ sa)

4. Lighting Clouds

To illustrate application of our transportmodel to light-
ing clouds, we obviously need a cloud density genera-
tor. The most successfuldensity generatorsn the litera-
ture useatwo-stagemacro-structure/micro-structunsodel
[EMP 02, KPH 03, DKY 00, HLO1]. We follow this lead,
but becauseve wantto staywithin the realmof physically-
basednodeling,we employ avariationontheseapproaches.
Forthemacroscopistructurewe usethemodelof Miyazaki
etal. [MYDNO1], which canberegardedasan approxima-
tion of the momentumand enegy equationsfor uid ow
at the Navier-Stolkes level. We thentreatthe shapeoutputs
of this modelasmasksfor humidity seedingn the percola-
tion modelof NagelandRaschle [NR9Z. The mostcom-
pelling agumentin favor of the Nagel-Rasch& model is
the excellent agreementvith real cloudsin fractal analy-
sis. To retainthis characteristicwe avoid explicit Gaussian
smoothingof the binary, percolationmodeloutputin com-
putingdensityatgrid nodeslnsteadwe rst expandthetar
getdensitygrid (of sizeN®, where for theexamplesshawn,
N = 128) by a factorof K in eachdimension.Becausehe
Nagel-Raschikmodelcanbeimplementedwith ef cient bit

¢ TheEurographic#ssociation2004.
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Figure 2: Samplecloud renderingwith isotropic scattering
(g = 0:0) andsinglescatteringalbedo0.9.

operatorsandstoragethisdoesnotleadto inordinatestorage
requirementsThe binary outputis thenaveragedover each
cubeof edgedimensiorK to provide arealdensitywith res-
olution 1=K ® ateachof theoriginal N° sites.In theexamples
shaowvn, weusedK = 5.

To provide for anisotropic,non-homogeneouscattering,
we modify theentriesof Q. First, becaus®;;; controlsscat-
teringfrom directiong; into directions;, we scaless in Q;;j
by

Pij
& Jlg 1P;j=18
wherep;.j is adiscreteversionof thetheHeryey-Greenstein
phaséunction[HG4(Q,

_ 1 ¢
(1 2gn mj+g)32

Pi;j

Heren; is the normalizeddirection,€j, andg2 [ 1;1] is
a parametethat allows for the anisotropicscattering Note
thatg> O providesforwardscatteringg < 0 providesback-
ward scatteringandg = 0 returnsus to the isotropiccase.
To provide density-dependencéhe s valuesin eachentry
of Q arescaledby the densityof the scatteringmediumat
the lattice point beforeapplyingthe update(7). Note thata
densityof zeroat a lattice site yields a simple pass-through
of photondensity

For rendering the directionaldensitiesat eachgrid loca-
tion aresummedo representheilluminate at the location.
Wethenmarchraysthroughthevolumeto form imagesasin
[KH84]. Notethatthedisplaycould,instead be madedirec-
tionally dependenby resolvingthe viewing directioninto
the minimal grid-directionalpositive componentandusing
only thosefi(+;t). In Figure2 we shav a samplerendering
with a singlescatteringalbedo(s s=st) of 0:9, a perlattice-
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Figure 3: Samplecloud renderingwith forward scattering
(g = 0:85) andsinglescatteringalbedo0.9.

site extinction coefcient st = 0:25, and isotropic scatter
ing (g = 0). In Figure 3 we shav the samecloud density
from the sameviewpoint with signi cant forward scattering
(g= 0:85).

With thismethodijt is easyto simulatenon-homogeneous
materials.Figure 4 shavs an example of a rainbov gra-
dient appliedto ss over a cloud shapedike the Stanford
Bunry (www-graphics.stanford.edu/data/3Dscanrephe
cloud density was generatecby applying the percolation
modelto the Bunry interior. With this gure surfaceeffects
arenotconsideredsotheresultingsimulationis notdirectly
comparableo currentsubsurécescatteringechniques.

5. Detailsand Limitations

At the beginning of eachtime step,photondensity corre-
spondingto light enteringthe systemmustbe addedto the
boundarynodesof thelattice. Suchboundaryconditionsare
handledby resolvingtheillumination source(sun)direction
into a minimal collectionof grid-directional,positive com-
ponentsat eachboundarysite. For this stepwe usea proce-
dure, similar to Gram-Schmidtorthogonalizationwherein
we repeatedlselectfrom thoselatticedirectionsnotyetse-
lected thatgrid directionhaving thelargestdot productwith

the remaininglight direction and then subtractthat contri-
bution from the remaininglight direction. Pseudocodéor

this operationis listedin AppendixA. For thoseselectedat-

tice directionsthatpointinteriorto thegrid, directional o w

(fi(r;1)) is x edata constantvalueon eachtime step.Grid

out ow is capturedn asink to testfor equilibrium,but it is
otherwiseunusedWe notethatit couldbesampledo imple-
mentshadavs castby the cloud densityon surfacesexternal
to thegrid.

In mary LB simulationsthe boundarie®f thelattice are
periodic.Thus,asdensity o wsoutoneside,it o wsbackin
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Figure 4: Bunny-shapedloud with anisotiopic scattering
(g= 0:25) anda wavelengtidependens s smoothlyarying
with position.

‘ density‘i

density (units of 1e+07)

0 50 100 150 200 250 300
time step

Figure 5: Thetotal densityin the lattice at eadh time step
for the 128x128x128&attice shownin Figure 2

theother For mary applicationsit is appropriateo obstruct
someof theboundariesvith somesortof barrieror wall and
modify the collision rulesat suchsitesto includere ection
or absorptionFor simulationsof light throughparticipating
media,thesemethodglo notrelateto the physicalprocesses
beingsimulatedinsteadwe allow densityto freely o w out
of the boundarie®f thelattice. Sincewe alwaysinject den-
sity from a light sourceat the beginning of eachtime step,
the systemeventuallycorvergesto a steadystate aslong as
theeigervaluesof Ware2 ( 2;0).

While we have usedthis procedurefor simulationsin-
volving externallight sourcesthereis nothingpreventingus
from simulatingemissve media.For an emissve medium,
photondensitywould be addedat appropriatdattice points
ateachtime step.

By experiment,corvergencegenerallyrequiresa number
of iterationsof (7) equalto twice the longestdimensionof
thegrid. This canbeseenin Figure5 wherethetotal density
in thelatticeis plottedfor eachtime stepwith a 128° lattice.

Our methoddoesnot provide the real-timeperformance
seenby otherapproache$HLO01, KPH 03], but the quality
of the images,the simplicity of the algorithm (7), andthe
ability to handlecomple scatteringeventsmaleit attractive.
To estimatethe performanceavailable throughparalleliza-
tion, we implementeda single-channelN = 128 modelon
a 64-processoBeowulf-classclusterwith 1.6GHzPentium
IV processorand100Mb Ethernetinks. In thisimplemen-
tation, the algorithm required 0.093 secondsper iteration
of (7), andthusapproximately24 secondgo cornvergence,
which is not unreasonabléor a systemwith morethantwo
million nodes.The single CPU time was 6.15 secondger
iteration.Notethatthe speedupvasslightly supeflinear.

A disadantageof this methodis the amountof storage
requiredto hold the lattice. We needto represenN3 sites,
eachwith 19 directionaldensities( oats). If N is aslarge
as 256, this canbe extensie, althoughspacerequirements
can be partitionedamongmultiple computationahodesin
a straightforvard manner A few conventional PCswould
sufce for averylargemodel.

Work is progressingon multi-resolution LB methods,
suchas[FH9§, in orderto help lower the resourceusage
of thesimulation.

The currentsimulationdoesnot take into accountary in-
teractionbetweenrlight andsurfaces.This limits the classof
objectsmodeledto participatingmediasuchasclouds,dust
andsmole.An extensionto includeinteractiorwith surfaces
andBRDF-basedoundaryconditionswould be bothanin-
terestingandusefulexerciseandmightallow for the simula-
tion of subsurécescatteringn comple, non-homogeneous
mediasuchasskin.

6. Conclusions

We have suggestedh new technique,basedon a lattice-
Boltzmann method, for lighting participating media. Al-
thoughthetechniquedoesnotdeliverreal-timeperformance,
it doesoffer avery simpleimplementationhigh-qualityim-
agesanability to capturecomplex scatteringevents,andan
underlyinganalytic(diffusionprocessmodel. The essential
obstacleto ary applicationof the lattice-Boltzmanntech-
nique lies in verifying that a discretesystemof relatively
simple, synchronousipdateshas, asits limiting behaior,
a speci c target systemof partial differentialequationghat
describethe systemof interest.We have appliedthis tech-
niqueto a modelof photontransporiandprovidedthis veri-
cation.

Theeasewith which lattice-Boltzmanmethodscanhan-
dle complex boundaryconditionssuggestshatapplications
to modelingsubsurécescatteringnaybeavailable.

¢ TheEurographic#ssociation2004.
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Appendix A: ResolvingDirections

This sectionpresentpseudocodéor resolvingalight direc-
tion, ., with intensity 1, into a lattice of 18 directionalden-
sities. This doesnot include the “rest density” which does
not have anassociatedirection. The parameteff storeshe
resultinglight in termsof lattice directions.

void light_to_latt( T, ) {
int i, j, dirs[18];
/I Normalized light intensity
float intens = 1.0;
float  latt_dirs[] ={1, 0, 0, -1, ..}

for (i=0; i<18; i++) dirs]i] =i

/I Sort lattice dirs on dot product
/I with the light direction, in

/I desc order; store idxs in dirs
sort_by_dp(dirs, t, latt_dirs);

for (i=0; i<18; i++) {
/I If 0 intensity remains,  stop

if (intens < € break;

dp = dot(latt_dirs[dirs][i]], 1);
Tldirs[i]] = min(dp,intens);

intens  -= dp;

Appendix B: Lattice Updates

Herewe presenpseudocodéor themainlatticeupdatestep,
wheredirectional densitiesare scatteredand distributed to

neighboringlocations.Q is the matrix describingthe redis-
tribution of density(seeEquations3-5 for theisotropiccase)

void update(node  *src, node *dst,
float ** Q) {

int i, out, in, neigh;

float  new_dense[19];

/I Inject new light density on the

/I borders of the lattice

inject_light(src);

/I Distribute density  locally
/I according to the collision rules
for (i=0, i<# nodes; i++) {
for (in=0; in<19;  in++)
new_dense[in] = 0;
for (in=0; in<19; i++) {
for (out=0; out<19; out++) {
new_dense[out] +=
srcfi].dir[in]* Q[in][out];
}
for (in=0; in<19; in++)

src[i].dirfin]

new_dense[in];

}

/I Now flow density to neighbors

for (=0, i<# nodes; i++) {

for (in=0; in<19; in++) {

/I Compute the index of the
/I node at i in the in direction
neigh = compute_neighbor @i, in);
if (neigh is a valid index)

dst[neigh].dir[in]
= src[i].dir[in];
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