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-modifications:
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1 Introduction

The goal of this effort is to develop computational alternatives to finite-element techniques for modeling fluid flow
through intricate geometries where a million or more nodes may be required to accurately represent behavior. The
derivations herein are a synthesis of those found in the reference list, in particular [1, 2, 3, 4, 5, 6], and serve as the
basis for the associated codlew12.c

Lattice-Boltzmann models are derived from cellular automata models, the most famous of which is John Conway’s
game of life In this game, each node in a rectangular lattice is given a binary state, living or dead. Rules are then
applied in a synchronous update, where node states are changed based on the states of the surrounding (8) neighbors:

¢ A dead node surrounded by 3 living nodes is “born again”.
¢ Aliving node surrounded by fewer than 2 living nodes dies (isolation).
¢ A living node surrounded by more than 3 living nodes dies (overcrowding).

The game exhibits complex behavior, and an extensive literature describing its properties has arisen.

Lattice-Boltzmann models are also state-based models with update rules that are to be applied in a synchronous
fashion. Although rectangular lattices are computationally convenient, they impose difficulties in achieving isotropic
flow behavior. Therefore, we start with a hexagonal lattice of nodes in the plane: We assume a lattice spacing (the
distance to the next node), a time stept, unit velocityv = (A /1), and velocity vectors; = v¢;, i =0,...,5.

The key quantity of interest is the directional densfyr,t), which is the particle density at lattice locatiDiat time
t moving in directiong;. Although the general case will havg) € [0,1], negative densitiesf() € [—1,0], will be
convenient.

Quantities of interest related to thg)s are:

e density,p(F,t) = S2, fi(F,t)
e velocity field,T(F,t) = (T2 oV fi(F,1)) /(3o fi (F, 1))

e momentum tensoflqp = 37 oViaVip fi (T, t), whereo, B €{x,y}
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Figure 1: Hex grid

The fundamental system update equation (basis for simulation) is given by:
fiT+AG,t+1) = fi(r,t) + ©;(f(1,1)), i=0,1,..5 (1)

where® : 0% — 0% is acollision operator to be specified. Assuming th@is easy to compute, we have an update
(1) that is fast and synchronous, so parallelizable. It remains to be seen how this describes fluid flow!

Some important properties &f can be specified immediately. From (1) we have
fi(P+AG,t+1)— fi(F,t) = 6;(f(1,1)), i=0,1,..,5 (2)

and so we can express:

e conservation of masss?_,©;(f(F,t)) =0

e conservation of momentuny:?_,v@;(f(7,t)) = (0,0)

We'll gather other properties along the way before specifying

2 The First-order Continuity Equation

At this stage we’ll need a multi-dimensional (dimension 3, specifically) Taylor expansion. Recall the form [7]:

[(hk1)-0)?

fx+hy+kt+1)=fxyt)+[(hkD)-Of(xyt)+ =

fOoy,t) + ... 3
where the square term is not the Laplacian, in that it includes cross terms. If we apply this to the basic update equation
(2) we get:

06.0-0)f (e + (4D

We want to consider the limiting behavior here\as — 0; they can, of course, approach at different rates, and it turns
out that two sets of rates are important.

fi(F,t)+... = O;(f(F,1)) 4)
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We also assume that the solutidir,t), is a small perturbation on this same scale about some local equilibrium, i.e.,
f(r,t) = fO(F,t) +efl(r,1) (6)

and that the macroscopic quantities are carried by the equilibrium value, that is,

o p(Tt) =32, fOT,t)
o UM = (3% fOT,1) /(320 FO(T1))

Using the gradient expression (5) and the local equilibrium expression (6), we can sum (4)=00¢t, ....5 and
equate coefficients af to obtain

Z})\c.x ?t —I—Z))\C,y o

where the right hand side disappears by conservation of mass. If we now dividebgt recall that = AC /1, we

have
("’a> ¢ £0 r’t+— 1(r.1)

divy[p(F,t)U(T,t)] +dp(r,t)/0ty =0 (the continuity equation for time scétlg @)

T—?t

that is,

3 The Euler Equation of Hydrodynamics

If we multiply (4) by Vi = (vix,Viy), sum oveiri = 0,1, ...,5, divide byt, and again equate coefficientssdf we obtain
a pair of equations:

5

e 4 4 v FO(P 1)) —
zov.a (r,t)) 6 - Z‘)VIGVIXf r)+ F Y iZoVIGVnyI (rit))=0 fora e{x,y} (8)

where the right hand side vanishes due to conservation of momentum. This pair can be expressed as

0 0

5 P DUF D)o + 57— (MO(F. ) ax + i(ﬂo(fit))ay =0  forae{xy} )
1 M1x

wheren? denotes the momentum tensor based on the local equilibfiinThis is the Euler Equation of Hydrody-
namics, which is just the Navier-Stokes equation without the dissipative effects of viscosity.



4 The Continuity Equation

We can repeat the above procedures for the coefficierss dfwe sum (4) ovei = 0,1,...,5 and equate coefficients
of €2 we obtain

> 9 0 0 0 ) )
%{ ) fO(F 1)+ L (f’t)+)\c.xa 1Xf (r,t)+>\c.yar1 (A (c,2x/2)a = fO(F,t) +A%(cixCiy)
2 2 az 0 62 0 2
arlxarlyf (T,t)+A (c,y/z) oz (F’,t)+)\TciX76rlxatlfi (?,t)—i—)\Tciyiarlyatl fO(r,t) + /2)? or,]=0 (10)

Because the macroscopic quantities are carried®yve know thaty? o f1(F,t) = 0 andy? oV f1(7,t) = 0. Thus,
after dividing (10) byt and moving the sum through, we see that the second, third, and fourth terms on the left vanish.
We are left with

0 02 02 92
I o)+ (1/2) Lo p(F,t) + (1/2 N+t 0 A(FUF ) =0 11
atzp( ) ( / )at% p( ) ( / )aﬁgxy} arluarlﬁ (1 a luatlp( ) ( )0 ( )

ac{xy}

But, by the order 1 continuity equation,

2 2

0
(V23 o 5P(Ft) = (T/Z)me{w}rmatl

P(F,DU(F, o

and so the rightmost three summands on the left hand side of (11) sum to

0 .0 0
©/2) 3 GraloP0A et 3 3 Magl (12)
acxy} 9o Ol peTxy) 9'18
By the Euler equation, the above term in square brackets is 0. Thus we are left with
9 (rt)=0 (13)
atzp I -

Density does not change at this time scale. If we now multiply the order 1 continuity equationg;Anitiply (13)
by €2, and add we obtain

divipd] + %p =0 (14)

which is the standard continuity equation.

5 The Navier-Stokes Equation

The remaining step in this sequence is clear: we need to multiply both sides of W#)=bfwix,viy), sum overi =
0,1,...,5, divide byt, and equate coefficients ef. Because the notation will become tedious (perhaps it already has),
we restrict to thex component.

Of the three terms in (10) that conveniently vanished, only one will be so kind here, specifically,

5

9
TVix— f1(F,t) =0
i; |Xatl i ( )

again because th&® component carries the velocity field. The other two terms will remain and contributé to
momentum tensor.



Collecting terms, we have
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where2 is a third-order tensor,
5

S(F.t)apy = ;vmviﬁviyfio(r,t)

|
The third and fourth summands in (15) can now be collapsed, since, from the Euler equation, we have:

02 _ 0 d o
(t/2 T VU0 = ~(1/2) 5 5 IOl
We are left with:
9 1 9 0 0 _
% [p(F’,t)U(?,t)X]+GE o ln (T, V)ax+ (1/2) ( mln (r,t)ax+ﬁ%y} o [so(r,t)]agxﬂ =0 (16)

This contains the dissipative contributions to the flow. Multiplying the Euler equation (8) foyltiplying the dissi-
pative contributions (16) bg?, and adding, we obtain

0 0 0 0
a[p(?,t)ﬂ(l”’,t)x] + ore [n(?,t)ax‘f‘ (1/2) <86hn0(?’t)“x+36§,y} [gj(r’t)]an)} =0 (17)

ae{xy} 6I’|3

This is the Navier-Stokes equation, although we still need to expiest® and S in terms ofp andt. This will
require specification of the collision operat@r, It is worth noting that, to this point, constraints on the specification
of the collision operator are minimal.

6 The Collision Operator

The first step in the specification of the collision operaByris to expand about®. Recalling (6), we have:

%0,
af;

00
i = [af,l

o(fo(r,t)) =0

o(f(F,t)) :O(fo(?7t))+[ Lfo(sfl)+0(sz) (18)

Let
If we now equate powers &P in (4) we obtain

that is, the collision operator vanishes at the local equilibrium.

The fundamental update equation (1) now reads:
fi(F+AC,t 4+ 1) = fi(F,t) + Qi (f(F,t) — fO(F,1)) (19)

whereQ; denotes thé" row of matrixQ. We can use conservation of mass and conservation of momentum to deduce
the structure of.



From conservation of mass (see bullet items following (2)) we have:

5 90,

5
Qij = ) 3¢
i;) % 0f;
0 5
= — 506
of; iZO I
0
that is, the column sums are 0. Similarly, from conservation of momentum, we have:

5 a 5
ViQii = — Y VG
i;)I Y of; iZOI |
)

(0,0

and so weighted column sums are also 0.

More generally(; j is the deflection of density; in the jth direction. Isotropic flow dictates that its value depends
only upon the angle betweémnd j, which, for our hex-grid, can be only’®0°, 12(°, or 18C°. As a result, we must

have:
ap As0 Q@120 A180 A120 960

0 Ao A0 Ai20 aA180 Q120
a a a
0— 120 360 Ao  3Ae0 120 A180 (20)
180 U120 A0 A A0 A120
d120 180 @120 A0 A 960
960 Q120 Q180 @120 A0 Ao

The matrix is symmetric (and circulant), and so the results for column sums apply to row sums. In particular, 0 is
a triple eigenvalue with eigenvectois, 1,1,1,1,1), (Vox, Vix, Vax, Vax, Vax, Vsx), and(Voy, Vay, Voy, Vay, Vay, Vsy). Equiva-

lently, we can usél1,1,1,1,1,1), thex components of thés, ¢, = (1,1/2,—1/2,—-1,—1/2,1/2), and they compo-

nents of thegs, ¢, = (0,v/3/2,v/3/2,0,—/3/2,—+/3/2) as the eigenvectors for 0.

It is easy to verify that there are two non-zero eigenvalegss 6ap + 6agp, ande, = —6ag — 12a50. €; is a dou-
ble value with eigenvectorgy = (1,0,—1,1,0,—1) andV; = (1,—-2,1,1,—-2,1). The eigenvector foe, is V, =
(1,-1,1,-1,1,—-1). This leaves a great deal of flexibility in the choicefbut stability requires that the eigenvalues
aree (—2,0). This is easily seen, since the update step is essentially:

f(new) = f(old) +Q(f(old) — f°)

which is equivalent to:
f(new) — %=1 + Q] (f(old) — f°)

and so the eigenvalues bf Q must bec (—1,1).

A further restriction is the target viscosity, which we will see (in section 9) is related to the eigenvaduaccording

to: )
v /1 1
=7 (e1+2> (21)

In figure 2 we plot the inequalities, e; € (—2,0) onag/asp axes. Since (21) is equivalent to:

V2

24+ 312 (22)

960 = —adg

a specification of viscosityt € (0,+), amounts to selection of a line segment in figure 2 that is parallel to the
bounding (lavender) lineaso = —ap andago = —ap — 1/3. Note that a choice afgo = 1/3 is convenient in that it is
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Figure 2:e; ande, restrictions
available on all such line segments. With this choice, viscosity is then relasgio
2
ve 3 (Be)

For anyu € (0,+), other choices foagp are available, and this flexibility may be valuable later.

7 Power Law Fluids

Although we have yet to specif§®, it is now easy to see how to simulate non-Newtonian, power-law fluids. The
defining characteristic of such fluids is that viscosity depends upon strain rate according to an equation of the form:

H=K(&" (24)
wheree denotes the so-called second invariant of the rate of deformation tensor, specifically,
[ fau\? | faue  auy\? auy\ 2

In this form, the choices) =0, n < 0, andn > 0, denote Newtonian, strain-thinning, and strain-thickening fluids.

GivenK andn that specify the power-law fluid, we can simulate the flow rather easily. For each node:

1. Use numerical estimates of velocity derivatives to comptg (25).
2. Use (24) to compute target viscosity,

3. Use (23) to computay.

4. Complete specification @ by:

ao = 1/3
a0 = —(2a9+ 3ae0)
aigo = (3ap+4asp)



5. Updatef () for this node by (19).

All that remains to completing the description of the code attached in the Appendix is a derivatfon of

8 Local Equilibria

An elegant derivation of ari® appears in [6], where it is observed that the choicd bfs not unique and that the
particular value selected can affect the convergence rate of the update scheme. Nevertheless, when that technique
is applied to our 6 population, hex-grid model, it yields an overly-constrained system with no (non-trivial) solution.
Karlin (personal communication) believes that his 9 population, rectangular grid model is the minimum 2D system for
which his technique will yield solutions.

As an alternative, we make the assumption (standard in the literaturéftisatjuadratic in the velocity components,
Uy anduy, so that

f? = A+ Biuy+ Ciuy + Dty + EiuZ + Giug (26)
The constraints orfi° are:

IZ 0 = p (27)
3 Vix O = up (28)

T
IZViy 0 = up (29)
3 VixVy 0 = uup (30)

T

sz 0 = up+p 31)
Zvizyfio = up+p (32)

wherep denotes pressure. The constraints (27) - (29) were mentioned earlier. The constraints on the momentum tensor
(30) - (32) will be required in order to obtain the standard Navier-Stokes equation from our current form (17).

If we are willing to assume that the directional coefficients in (26) are proportional to their velogities, can obtain
a unique solution. Specifically, if we write:

A = A
Bi = vxB
G = wC
D = ViXVin
E = (Vk—V/2E
G = (%-V/2G
then we can apply the following (arithmetic) identities:
va =0 o€ {xy} (33)
SV = 3V ac{xy} (34)
ZVixViy =0 (35)
SVivig = O a,Be {xy} (36)



SV = (3/4v (37)
Y Vivip = O a,Be{xy}a#p (38)
SVia = (9/4V* ae{xy} (39)

to obtain the solution. As an example, if we begin with (27) we have
p = SF
|
= Y A+BKY Vix +CUy Y iy +Duty Y vixviy +EE Y (Vi —V2/2) + G Y (Vi —VP/2)
| | | I | I

6A+0+0+ 0+ EWE(3v* — 6v%/2) + GUG(3v* — 6V°/2)
= 6A

and soA = p/6. Similarly, from (28) we obtail = 3\/2’ from (29) we obtailC = W 2, and from (30) we obtai® = ﬁ

DeterminingE andG is only slightly more difficult. From (31) and (32) we obtain:

pUz + p = pv?/2+ (3/AV'ELL — (3/4)V'GLG (40)
and
pUZ + p=pv?/2— (3/4V'ELE + (3/4)V'GLE (41)
The difference is:
p(uz — ) = (3/2V}(EL§ — GLY) (42)

Because (42) must hold for all values @k, uy), we must havée = G = (2p)/(3v*). Note that by adding (40) and
(41) we can determine that

p=p(ct—1*/2)

wherecs = \/V2/2 is the speed of sound and = uZ + u§. (Note: for a velocity-independent pressure, see the
addendum.)

Thus the final form forf is:

= % + % [VixUx + Viy Uy + % [VixViy UxUy] + [(V§< V/2) U+ (v =V /2) ] (43)

9 Navier-Stokes Reuvisited

The remaining task at hand is the development of (17) to exptest’, andS’ in terms ofp andd. Recall that for
anya,B,y € {x,y},

5
I'ISB = ZVquiBin (44)
i=

5

= VigVigViy 0 (45)
ﬁpy izo iaVipViy I

and O is provided in (43). Thus only the expression fowill require significant effort. In this regard, we observe
that

5
Mn B = ViaV'Bfi
a, i; i

5

= Z)Viuvip( f0+efl)



and so we really need an expression fbin terms ofp and.

We have previously summed (4) ovet 0,1,...,5 and equated coefficients of various powerg.ofn section 6 we
also equated coefficients ef in (4) directly, that is, without summing. Following this same path, we now equate
coefficients okl in (4). We obtain

. ofP A ofP afio_ £l
)\c.XE +)\c.yar—ly +T6T1 =Q;f (46)
or, equivalently,
af0 afi0> L
T Vig + == | =Qif 47
<06%y} Oria Ot

For the purposes of differentiatingf, we’ll regard it as a function op andpt and use a simplified, order 1 (i)
approximation,
fo_P
' 6
Fora € {x,y} a chain-rule differentiation then gives:

Vi Vi
+ ﬁpuX + #puy (48)

off  _ of 9p  off dpux  Off dpuy
orig 0p Orig  0puy Orig  OpuUy Oryg
1 ap ViB apuB
= = — (49)
6 ar]_q [36 X,y} 3V2 al‘m
and, similarly,
oft  offop  of? apux+ of0 opuy
otp ~ 0p oty Opux O Opuy Oty
1op Vig 9pug
- -2 e 4 (50)
6 ot; Byl 32 oty

In this last expression, we can change temporal derivatives to spatial ones by using the continuity equation (7) and the
Euler equation (9). We have:
ang
_ BV‘| (51)

af 1. . Vi
L= S (—divip)+ Y =5

o6 ptRy) oy

L/e{xyy}
To differentiatel®, we’ll again use an order 1 approximation. From (30) - (32) we Pﬂagléa: PUqgUg + Pdyp, and so,
to order 1,I‘I8B = pPdypV?/2. Thus

or?

1, . Vip 9p
L = = (—divy(pl)) — —— 52
7~ pdmn) - 5 P (52

We can now substitute (49) and (52) into (47) to obtain a substantially simplified expression:

Qft - T[_ldivl(pm > VVZBPU]
6 ac{xy} Be{xy} 3ve0rsg
opu,
B T[s (CiaCip — Sup/2) a? “] (53)
ae{xy} Be{xy} 1p

We cannot, at this stage, obtain an expressiorf fdvy invertingQ (recall, 0 is an eigenvalue @1!), but the vectors
on the right hand side of (53), ciaCig — 84p/2 >, are easily seen to be orthogonal to each of the three eigenvectors
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that span the kernel space®f and thus they are in the image. In particular, we can write each as a linear combination
of the two eigenvectorgy andV; for eigenvalues;:

<ci—1/2> = (3/8Vo+(1/8V4
<cy-1/2> = —(3/8Vo—(1/8V1
<cxCy> = (V3/8)Vo—(V3/8V1
and so we can conclude that
1 T apux ., 0pux  Opuy opuy
fir= 30, (C — 1/2) (Clxcly)(ari1y + 5 o )+ ( -1/2)—— oy (54)

We can now return to (17) and assemble all the required terms. The collisional viscositiitgrmas a first summand
Max = PUaUx + Pax (55)
and so
ong, 0 [
arg  Ory

9
puz -+ p| + 3 [Pty (56)
ae{xy} fy

The second summand of the collisional viscosity term is

5

8néx = i;sfilvimvix
™v2 _ dpuy 1 2 dpux  dpu opuy 1 2
= [600(( 3/2)div(pt) + arxxwiz VigVS, + ( 6ryx + 6er v Zov.avﬁ(vly+ o yv4 ViaVixVy
V2 . dpuy  opu
= o | S~ 3/A)div(pT) + (3/4)( 2+ 0 (57)
3 Org Ory
where we have used/dr1q = d/9rq and (33)-(39).
If we now differentiate (57) with respect tq we obtain
™2 [9%pux  9%puy .
dey | OrZ  aruary o
2 2 2
TV | 07pUy n 0°puy a£x
4ey 6r§ ordry
and so their sum gives:
9 eni — v 12pu (58)
N, = X
ae{xy} Org 461
The two lattice viscosity terms are handled similarly. For the first,
€ 0 € 0
20 Mo = ?E[pUGUX+6GXp]
0
~ Ea—tl[péuxvz/z] order 1
2
= V() Sax (59)
where we have again used the continuity equation for time $caldus
2
970 no ™ 9 Givip) (60)

ue{x,y} arq 2 atl ox 4 a X
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For the second lattice viscosity term, we can use (43) and (33)-(39), to obtain

5
i=

5
- 2 Zj(ViaVipVﬁUx+ViaViBVixViyUy)

3v2 £
(61)
and so
T d V2 [ 30%(puy) | 20%(puy) - 0%(pux)
2 % % 67752 '8 [ or2 arxaryy ar2 ]
o [ Zaitpn) + 1/2)2(pu] (62

Finally, by substituting (56),(58),(60), and (62) into the previous version of the Navier-Stokes equation (17) we arrive

at:
0 g , 0 0 ™1 1\ L,
_ i —_ ——_—_ p— 0
APt o P o, PYW = T P g (el * 2) (PUx) (63)
If we take derivatives on the left, we obtain

a /1 1\ _,
arxp4(+ >D(pux) (64)

9 pUx+( )(pUx) erlV( )pUX =— o 2

ot

For incompressible fluids, we hape= constant andiv(pt) = 0, and so we obtain (for the x component)

0 0o 12 1\
et @ Ot= (/)3 p= 5 (5 +3) PP (©5)
and thus for both components:
ou W% 1\
S @Du= e -5 (2 +3) 2w (66)

the classical form. Note the appearance of the viscosity term contaeniagdtv2. The latter suggests the need for
the two time scales.

10 Summary

We have developed a sufficient amount of the Lattice-Boltzmann flow technique to document the attached code,
flow12.cRemaining tasks include:

e finite element code for validation
e extension to visco-elastic flows [4]

e extension to 3D flows

12



11 Addendum on Rest Density

One problem with the formulation above is that pressure remains velocity-depepder(cZ — u?/2). We can
eliminate this artifact of the model by adding rest density. This requires a slight change in the expression for the local
equilibrium to

2 = Aj + Biy + iy + Diuty + EiuZ + Giug + Hiu? (67)

where the coefficients are still proportional to velocity but differ in the proportionality constants for the rest density
(i=0) and non-rest density£ 1,2,...,6). Fori =1,2,...,6 we write:

A = A

Bi = vxB

G = wC

Di = ViXVin
E = ViE
G = V%G
H = H

Fori = 0, the only non-zero terms af = A, andHo = H. From symmetry we can assurBe= C andE = G.
Constraints (31) and (32) now yield

P+ puZ = 3AV -+ UZ((9/4)EV* + 3HV?) + U2((3/4)EV* + 3HV?) (68)
and
P+ pu = 3AV -+ UZ((3/4)EV* + 3HV?) + U2((9/4)EV* + 3HV?) (69)
Subtracting, we obtain
p(Uz —u)) = ((3/2EVH) (U — ) (70)

and SoE = (2p)/(3v*), as before. Adding (68) and (69), we obtain
2p+ pu? = 6VPA + U?(2p + 6HV?) (72)
and so, if we seledl = —p/(6v?), we havep = 3AV.

From constraint (27), we have R .
p=6A+A+U*(3EV?+6H +H) (72)

and so ifd = —p/V2, we havep = 6A+ A,

We letR denote the ratio of rest density to non-rest density, specifid%HyA/A. Then

32
_ 73
P=Pg R (73)
now independent af?, where the speed of sound is determined by
32
2 _
“T6+R (74)

Changes to the collision matrix, and hence the eigenvalues, are also required. One of the (3) non-zero eigenvalues is
still constrained by viscosity. The other two can be forced to -1, so that the associated eigenvhlu€s arfe zero.
See the code, flow12.c, for details.
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