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Abstract the system. This additional cost may not be an economic
option, especially when most faults are transient in nature
We present a self-stabilizing algorithm for finding a gen- and a temporary unavailability of a system service is ac-

eralized maximal matching (b-matching) in an arbitrary ceptable for a short period of time. The paradign&ef-
distributed network. We show that the algorithm converges stabilization can cope with the transient faults in a very el-
in O(m) moves under an unfair central demon independent egant and cost effective way to design fault tolerant proto-
of the b-values at different nodes. The algorithmis capable cols for networked computer systems. Self-stabilization is
of working with multiple types of demons (schedulers) asis anoptimistic way of looking at system fault tolerance, be-
the most recent algorithmin[1, 2]. cause it provides a built-in safeguard against transient fail-
ures that might corrupt the data in a distributed system. Al-
though the concept was introduced by Dijkstra in 1974 [7],
1 Introduction and Lamport [8] showed its relevance to fault tolerance in
distributed systems in 1983, serious work only began in the
late nineteen-eighties. A good survey of self-stabilizing al-

o . . : S gorithms can be found in [9]. Herman'’s bibliography [10]
distributed systems (mobile or wired) involve maintaininga 5, provides a fairly comprehensive listing of most papers

global predicate over the entire network (defined by Some j, yhis field. Because of the size and nature of many ad
invariance refation on the global state of the network) by pq¢ and geographically distributed systems, communication
using local knowledge at each of the participating nodes. |, are unreliable. The system must therefore be able to
For gxgmple[ a minimal spanning tree must be maintained ;i st when faults occur. But 100% fault tolerance is not
to minimize latency and bandwidth requirements of mul- \aranted. The promise of self-stabilization, as opposed
ticast/broadcast messages or to implement echo-based disy, ¢51t masking, is to recover from failure in a reasonable
tributed algorithms [3]; a minimal dominating set must be 541t of time and without intervention by any external
maintained to optimize the number and the locations of the agency. Since the faults are transient (eventual repair is as-

resource centers in a network [4]; &nd) configuration g med) it is no longer necessary to assume a bound on the
must be maintained in a network where various resources,  mber of failures

must be allocated but all nodes have a fixed capacjB};

a minimal coloring of the nodes must be maintained [6]. A fundamental idea of self-stabilizing algorithms is that
The traditional approach to building fault-tolerant, dis- the distributed system may be started from an arbitrary
tributed systems usdault masking. It is pessmisticinthe  global state. After a finite amount of time the system
sense that it assumes a worst case scenario and protects th@aches a correct global state, callekégitimate or stable
system against such an eventuality. Validity is guaranteedstate. An algorithm is self-stabilizing if (i) for any initial
in the presence of faulty processes, which necessitates rejjlegitimate state it reaches a legitimate state after a finite
strictions on the number of faults and on the fault model. number of node moves, and (||) for any |egitimate state and
But fault maSking is not free; it requil’es additional hard- for any move allowed by that state, the next state is a le-
ware or software, and it considerably increases the cost ofgitimate state. A self-stabilizing system does not guaran-
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or when communication errors occur so frequently that the bors. Each nodé maintains a single variable whose value
new legitimate state cannot be reached. While the systemis either null, or points to a neighbgre N (i). The algo-
services are unavailable when the self-stabilizing system isrithm has three rules: “A”, “P” and “W”: the edge between
in an illegitimate state, the repair of a self-stabilizing sys- two adjacent nodes becomes part of a matching when each
tem is simple; once the offending equipment is removed or is pointing to the other. Rulé allows a node to accept a
repaired the system provides its service after a reasonablgproposed match with another node. RBl@llows a node
time. 1 to propose to another node. Rul@/ allows a node to

In this paper we propose a new simple and elegantwithdraw a proposal.
self-stabilizing algorithm to solve the generalized matching
problem in an arbitrary graph. Given an undirected graph
G = (V,E), amatching is defined to be a subsat’ of
edges(i,j) € E, wherei,j € V such that for all nodes

Next, we consider the more genetamatching. One
can design such an algorithm by providing each node with
alist of pointers. By mimicking the rules of Algorithm 1
i € V at most one edge of M is incident an A match- in a fairly straightforward way, one can obtain an algo-

ing M is maximal if there does not exist another matching rithm W_hiCh sta_bilizes in a polynom_ial number of moves,
M’ such thatdM’ > M. Authors in [11] have presented af?d which Pbta'”s a maX|ma+match|'n.g.. Our purpose in

a self-stabilizing algorithm for finding maximal matching th|s'paper IS to. develop a ;elf-stablllZlng a]gonthm for a
in a distributed networky = (V, E); complexity analysis g;a;lmal b-matching that runs in0O(m) moves, independent
of the algorithm are given in [12, 13]. In [14, 15], the con- . ) ..

cept of maximal matching has been generalized as follows. we ass_ume_that the constant bourid) O.f nc_)dez 1S

Let G be a network, and for any node let deg(v) denote kngwn to its neighbors. Eygry nqde_also mamtams a.||st
its degree, that is, the number of edges incident.td_et L(l_) of pomters. we .Sa}L(l) IS vqhd it 0 S |L(Z.)| < b(l.);
b(v) be a bound on the number of edges that can be inci_L(z) contains only pointers to neighborsipand it contains
dent tov, where0 < b(v) < deg(v). A subsetVl C E of no duplicate references. It is possible that, at initialization,

edges is called generalized matching or a b-matching of a list is not valid. However, it is easy to add a rule that

G if, for all nodesv € V, |E, N M| < b(v), whereE, de- forces a Iist_to become vaIi(_:i. For this reason, to simp!ify
notes the set of edges incidenttoA b-matching M of G the de;crlptlon of our algorithm, we assume that the lists
maximal if there does not exist anottematching M/ such &€ valid.

thatM" 5 M. Note that ifb(v) = 1 uniformly, then ab- Definition 1 Nodes i and j are matchedif i € L(j) and
matching is a simple matching. Our purpose in this paperis j ¢ I,(;), and we also say that the edge e = ij is matched

to develop a new distributed algorithm to maintaimax- Upon stabilization, the b-matching is defined by the set M

imal b-matching in a network that self-stabilizes i@ (m) of matched edges.
moves wheren is the number of edges in the network. This

ana|ysis is independent of the functidm)_ Definition 2 We define a set Agr(z) for each node ¢ as fol-
In a self-stabilizing algorithm, a node may change its lo- |0Ws . . o .
cal state by making move (specification of an action). Al- Agr(i) = {j € L(i)|i € L(j)}.

gorithms are given as a set of rules of the fqr(h) = M,

: . . Figure 2 provides the complete pseudocode of our self-
wherep(i) is a predicate and/ is a move. A node be- g P P P

vileaed if »(i) i Wh deb . stabilizing maximalb-matching algorithm. Note that the
comesprivileged f p(7) is true. €n anode becomes prv- . ja5 zre organized by precedence, and so a node that is

lleged, it may execute the corresponding move. We assumeeligible to execute Rul@&1 or RuleA2 cannot execut®. A

Zserlal ngel N wh|c|h no two nodes”mo_v(?zl S'mgltan deouslr)]/ " node that can execute Rufecannot execut#/. We make
central daemon selects, among all privileged nodes, t Cthe following observations:

next node to move. If two or more nodes are privileged, one

cannot predict which node will move next. Multiple proto- e RulesAl andAz2 allow a node to accept a proposal
cols exist [16, 17, 18] that provide such a scheduler; hence and create a permanent match with another node. Note
our algorithms can be easily combined with any of those that bothAl and A2 allow a nodei to match with a
protocols to work under different schedulers as well. neighborj that is pointing ta. RuleA1 simply addsj

to L(i), creating a match. Rul&2, however, replaces
2 Generalized Matching Protocol an unmatched entry ifi(:) with j. Thus,Alincreases

the cardinality of both Agf) and L(i), while A2 in-

. creases the cardinality of Agy, maintaining the size
Before we present our protocol for generalized match- of L(i) y of Agr g

ing, we briefly revisit the essential characteristics of the
simple matching algorithm of [11]; the pseudocode is given e RuleA2is permitted only whenL(i)| is b(i) or b(i) —
in Figure 1. For each node N (i) denotes its set of neigh- 1, and there exists somec L(i) — Agr(i).



Algorithm 1:

Alif (i = null) A(Fj € N@))(G — 9)
then set(i — j)

then set(i — j)
W if (i = )N (G — k) A (kE#£14)
then set(i — null)

(
P:if (i —» null) A (Vk € N(%))(=(k — i)) A (Fj € N(i))(j — null)

Figure 1. Maximal Matching Algorithm of Hsu and Huang

e RuleP allows a node to point to an adjacent noge
provided bothi andj have an available space in their
lists.

e The ruleW allows a node tavithdraw a proposal. If
node: references nodg¢ whose list is full, and all of
j's pointers reference nodes other thathen node
can remove from its list.

We say that the systemstableif no node is able to make

a move. The proof of our algorithm’s correctness depends

on showing that) a stable system always exhibits a maxi-
mal b-matching, andi) the system always becomes stable
in a finite number of moves.

Lemmal When the systemis stable, i € L(j) if and only
if j € L(37).

Proof: Assume, by contradiction, that the system is sta-
ble and: € L(j) butj ¢ L(i). Sincei cannot make

a move, the boolean condition f&k1 is false, and so
|L(7)| > b(i) — 1. SinceA2's condition must be false, it
follows that Ag¢i) = L(i). The listL (i) cannot have length
b(i) — 1 or Al's condition would be true, so it follows that
|Agr(i)| = |L(¢)| = b(¢). It now follows thatj can execute
W, a contradictiond

Lemma 2 When the systemis stable, the set M of matched
edgesisa maximal b-matching.

Proof: The setM is ab-matching because of Lemma 1 and
the fact that the algorithm preserves the propéfty)| <
b(i), for all i. To see that it is maximal, suppose that there
exists another edge= ij,e ¢ M, forwhichM U {e} is a
b-matching. It must be thaL(i)| < b(:) and|L(j)| < b(j).
Sincee ¢ M, the condition of rule?, for nodes, is true, a
contradictionO

Lemma 3 Oncenodesi and j are matched, they remain so.

Proof: No rule destroys a matched edge.
Let my,ms, ..., be a sequence of moves made by Al-
gorithm 2. In each of the moves that nodenight make,

there is aforcing neighbor j which allowsi to move. We
use(i, j, X) to denote the execution of Rulg by nodes,
wherej is its forcing neighbor. We will say that nodas
filled if |L(i)|] = b(¢), andunfilled otherwise. We say that
i is completely matched if |Ag(i) = |L(i)| = b(3). ltis
possible that some nodedoes not become filled; but if it
does, will make no further moves.

Lemma4 A completely matched node will never move
again.

Proof: This follows from the fact that a completely matched
nodei cannot move, and because of Lemma 3, no move
by another node can destroy the conditiori bking com-
pletely matched

Lemma5 Suppose at time p, node j becomesfilled (i.e., a
move by j changes|L(j)| from b(j) — 1 to b(j)). Suppose
also that at time p, there exists some nodei € N(j) —
L(j) for which j € L(i). Then node j becomes completely
matched.

Proof: Since at timep, |L(j)| = b(j) — 1 andj € L(7),
nodej is eligible to accept a proposal, so the precedence of
the rules precludeg from executing any rule exceptl or
A2. HoweverA2 does not causg.(j)| to increase, so at
time p, nodej most have executedll. But an inspection of
rule Al shows that at time, L(j) becomes Agy). O

Our most crucial lemma is the following.

Lemma6 For each edgee = {i,j}, the move (i, 7, W)
occurs at most twice.

Proof: Supposen = (i,j, W) andm,; = (i,j, W), where

s < t. We will show that after time, nodej is completely
matched. Attimes + 1, j ¢ L(i), and attime, j € L(3).
Therefore, there must exist at least one mewnge= (i, j, P)

for someq, s < ¢ < t. However, there can be several of
these, since nodemay remove nodg usingA2 and then
re-propose several times. Without loss of generality, assume
that the last such proposal occurs at timeSince|L(j)| <

b(j) attimeq, and sinceL(j)| = b(j) at timet, there must



Algorithm 2: Maximal b-matching()
AL if (35 € N(i) = L(i) (i € L(5)) A ((IL(0)] < b(i) = 1) v (Ag(i)| = IL(i) = b(i) — 1))
then setL(i) = L(i) U {j}
A2: if (3j € N(i) — L(i))(i € L(j)) A (IL()] > b(i) — 1) A (AgHi) # L(i)
then setL(i) = L( YU {j} — {z} for somez € L(i) — Agns)
Prif (|L(i)] < b(2)) A (35 € N (i) — L(@)(|L(5)] < b))
then setL():L()U{ }
W:if (35 € L) ((IL(7)| = b(5)) A (i & L(5))
then setL(i) = L(i) — {5}

Figure 2. Algorithm for Maximal b-matching

be an intermediate move at say timg; < p < t, at which
|L(j)| becomes(j); nodej becomes filled. By Lemma 5,
nodej is then completely matched, and by Lemma 4, it
cannot move agair

Lemma7 There are at most 4m withdraw moves.

Proof: By Lemma 6, for each edge = {i,j}, (i,j,W)
occurs at most twice, and, i, W) occurs at most twice

Let us suppose that at timenodei; makes a proposal.
We say that cancelsthe proposal if it later removes it from
L(i) because oA2. We say that withdraws the proposal
if it removes it from L(i) because ofW. A permanent
proposal is one that never is cancelled or withdrawn, and
remains inL(:). The number of withdrawn proposals is
bounded by the number of withdraw moves, whiclis.

network. We have shown that the algorithm stabilizes in at
mostO(m) moves wheren denotes the number of edges
in the network graph, i.e., the convergence time does not
depend on the differerit values at different nodes. It is
interesting to note that wheéii) = 1 for all 7, our algorithm
reduces to the simple matching algorithm (Algorithm 1) of
[11].
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